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A survey on the Campana-Peternell Conjecture
Roberto Mun˜oz, Gianluca Occhetta, Luis E. Sola´ Conde,
Kiwamu Watanabe, and Jaros law A. Wi´sniewski
Abstract. In 1991 Campana and Peternell proposed, as a natural algebro-
geometric extension of Mori’s characterization of the projective space, the
problem of classifying the complex projective Fano manifolds whose tangent
bundle is nef, conjecturing that the only varieties satisfying these properties
are rational homogeneous. In this paper we review some background material
related to this problem, with special attention to the partial results recently
obtained by the authors.
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1. Introduction
Throughout this paper, unless otherwise stated, we will work in the framework
of smooth complex projective varieties. Any variety X comes naturally equipped
with the sheaf of its Ka¨hler differentials ΩX and its tensor algebra. Thus, properties
of the objects related to differential forms can be used for setting up the classifica-
tion of algebraic varieties. The fundamental example is the classical trichotomy of
smooth algebraic curves which are divided into three unequal classes depending on
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the global properties of the sheaf of differential forms or, dually, of their tangent
bundle. The most obvious property differentiating these classes is the sign of the
degree of the tangent bundle, equal to the Euler characteristic for curves defined
over complex numbers, which implies fundamentally different behaviour of other
invariants of the underlying variety.
This natural idea is extended to higher dimensions in a number of ways. Firstly,
one considers the canonical divisor KX associated to det ΩX and pluricanonical
systems |mKX |, for m > 0, which give rise to the definition of Kodaira dimension of
a variety. Secondly, the numerical properties of the canonical divisor (provided it is
Q-Cartier), that is the sign of intersection ofKX with curves onX , are fundamental
for the minimal model program in which the classification of higher dimensional
varieties is modelled on the trichotomy for curves. Clearly, the situation is by far
more complicated because the higher dimensional varieties can be built from lower
dimensional ones on which KX may have different behaviour. In this scheme of
classification the building blocks are those varieties on which either KX or −KX is
positive, or it is numerically trivial. Here, the notion of positivity of a line bundle,
or more generally, of a Q-Cartier divisor, is generalized to higher dimensions by
ampleness; see the classical book [19] for discussion of the notion of ampleness, its
extensions and analytic counterparts.
It is plausible to expect that once the sign of the canonical divisor is fixed
a more refined classification can be achieved by investigating the structure of the
tangent sheaf TX of X . For example, the celebrated theorem of Beauville, [2],
asserts that complex Ka¨hler manifolds with KX numerically trivial are, up to a
finite e´tale cover, products of complex tori, Calabi-Yau varieties and hyper-Ka¨hler
(or irreducible symplectic) varieties. Beauville’s theorem is an incarnation of a
result of de Rham about decomposition of Riemannian varieties with respect to
their holonomy groups. The theorem of de Rham asserts that the structure on
the tangent bundle resulting from the action of holonomy translates to the global
structure of the variety.
The varieties for which −KX is ample are called Fano. Due to the result of
Campana, [6], and Kolla´r, Miyaoka and Mori, [37], we know that there is only a
finite number of deformation types of smooth Fano varieties in every dimension.
They can be studied well in the framework of the minimal model program, yet
their classification is a challenging problem especially in the case when their Picard
group is Z. On the other hand, since −KX = detTX we can ask questions about
positivity of TX itself.
Given a vector bundle E on X , we denote by P(E) the Grothendieck projec-
tivization of E , that is, the projective bundle
P(E) := ProjX
⊕
r≥0
SrE
 p−→ X
with O(1) := OP(E)(1) denoting the relative hyperplane section bundle which satis-
fies p∗O(1) = E . We say that E is ample if OP(E)(1) is ample on P(E). The theorem
of Mori [48], which is a cornerstone of the minimal model program, asserts that Pn
is the only manifold of dimension n with ample tangent bundle, as it was conjec-
tured by Hartshorne. An analytic counterpart of Hartshorne’s conjecture is known
as Frankel conjecture: every compact Ka¨hler manifold of dimension n with positive
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bisectional curvature is biholomorphic to Pn. An analytic proof of this conjecture
was provided by Siu and Yau in [57].
Nefness is an (algebro-geometric) positivity property, that appears as a natural
generalization of the concept of ampleness. More concretely, given a line bundle L
on a projective variety X , we say that L is nef if L · C ≥ 0 for every irreducible
curve C ⊂ X . In other words: nef line bundles are those whose numerical classes
are limits of ample classes.
Generalizing the definition of nefness from line bundles to vector bundles of
any rank we have the following definition:
Definition 1.1. A vector bundle E is nef if and only if the tautological line
bundle O(1) of P(E) is a nef line bundle.
We refer the interested reader to [7] for an account on the general properties
of nef vector bundles. The following conjecture formulated and proved for complex
3-folds in [7] naturally extends the one by Hartshorne.
Conjecture 1.2 (Campana–Peternell Conjecture). Any Fano manifold whose
tangent bundle is nef is rational homogeneous.
We note that an apparently harder question about all manifolds with nef tan-
gent bundle reduces to the one above because of a result by Demailly, Peternell and
Schneider, [15], who proved the following: Any compact Ka¨hler manifold with nef
tangent bundle admits a finite e´tale cover with smooth Albanese map whose fibers
are Fano manifolds with nef tangent bundle. We also note that, in the framework
of complex geometry, Ka¨hler manifolds with nonnegative bisectional curvature (a
condition known to be stronger than nefness) have been characterized by Mok, see
[45]; within the class of Fano manifolds of Picard number one, they correspond to
irreducible Hermitian symmetric spaces. Finally, 1.2 is known to be true for toric
varieties; indeed, by the work of Fujino and Sato [18], the only smooth toric variety
whose nef and pseudoeffective cones coincide are products of projective spaces.
Another version of the same problem is the following.
Conjecture 1.3. Let X be a Fano manifold, and assume that TX is nef. Then
TX is globally generated.
For brevity let us introduce the following definition:
Definition 1.4. A smooth complex Fano manifold with nef tangent bundle
will be called a CP-manifold.
According to [56] a projective manifold is convex if every morphism f : P1 → X
is unobstructed which means that H1(P1, f∗TX) = 0. Clearly, every CP-manifold
is convex. Thus a natural extension of Campana–Peternell conjecture concerns
convex Fano manifolds, see [56] for a discussion of this problem.
In the present survey we discuss Campana–Peternell conjecture and related
questions. The structure of the paper is the following. Since the problem is to
find out whether one may recognize homogeneity properties on a CP-manifold, we
start by recalling some basic facts on homogeneous manifolds in Section 2. The
section is completed with a review of some of the properties of families of rational
curves on algebraic varieties, that we will need later. In Section 3 we will show
that every contraction of a CP-manifold X is smooth and that the Mori cone of
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X is simplicial, two important properties that were known to hold for rational
homogenous spaces. The fourth section contains some positive answers to the
conjecture in low dimensions, including the classification of CP-manifolds that have
two P1-fibrations.
In general, it is not even known whether the nefness of TX implies its semi-
ampleness. If this property holds, one might study the variety P(TX) by looking
at the contraction associated to the tautological line bundle O(1). In fact, if this
morphism exists, it satisfies a number of interesting properties, that may eventually
lead us to conclude the homogeneity of X under some extra assumptions. This is
the case for instance if TX is big and 1-ample. We discuss this in Section 5.
Finally, the last section reviews some results recently obtained by the authors,
and discuss the way in which these results may be used to attack the problem of
Campana-Peternell.
1.1. Glossary of notations.
X Smooth complex projective variety
ΩX Sheaf of differentials of X
TX = Ω
∨
X Tangent bundle of X
m Dimension of X
O(KX) =
∧m
ΩX Canonical line bundle of X
Pic(X) Picard group of X
N1(X) = (Pic(X)/ ≡)⊗Z R Vector space of numerical classes of R-divisors
N1(X)(= N
1(X)∨) Vector space of numerical classes of real 1-cycles
n = ρ(X) = dim(N1(X)) Picard number of X
NE(X) Mori cone of X
Nef(X) Nef cone of X
R1, R2, . . . Extremal rays of NE(X)
Γ1,Γ2, . . . Minimal rational curves generating R1, R2, . . .
pi : Ui →Mi Family of deformations of Γi
qi : Ui → X Evaluation morphism
Ci,x ⊂ P(ΩX,x) VMRT of the family Mi at x
πI : X → XI Contraction of the face generated by Ri, i ∈ I
KI Relative canonical divisor of πI
P(E) = ProjX (Sym(E)) (Grothendieck) Projectivization of a bundle E
O(1) = OP(E)(1) Tautological line bundle
X = P(TX) Projectivization of the tangent bundle of X
φ : X → Y Crepant contraction of X
Γi Minimal section of X over Γi
pi : U i →Mi Family of deformations of Γi
qi : U i → X Evaluation morphism
E(ak11 , . . . , a
kr
r )
⊕r
j=1OP1(aj)⊕kj
2. Preliminaries
For the reader’s convenience we will recall in this preliminary section some basic
background on rational homogeneous manifolds and the positivity of their tangent
bundles. Then we will briefly review some well known results on deformations of
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rational curves on an algebraic variety X , paying special attention to the case in
which X is a CP-manifold.
2.1. Homogeneous manifolds. A smooth complex variety X is said to be
homogeneous if X admits a transitive action of an algebraic group G. In this paper,
we will only consider projective homogeneous manifolds, but we will refer to them
simply as homogeneous manifolds.
For any projective manifold X , the automorphism group scheme Aut(X) is
defined as the scheme representing the automorphism functor [43, Theorem 3.7],
and the Lie algebra of Aut(X) is identified with that of the derivations of OX :
Lie(Aut(X)) ∼= H0(X,TX).(1)
Since our base field has characteristic zero, we know that Aut(X) is reduced thanks
to Cartier [54]. This leads to the following characterization of homogeneous mani-
folds from the viewpoint of the spannedness of the tangent bundle.
Proposition 2.1. Let X be a projective manifold. Then X is homogeneous
if and only if TX is globally generated. In particular, the tangent bundle of a
homogeneous manifold is nef.
Proof. Let G be the identity component of Aut(X). Then G is an algebraic
group with Lie algebra H0(X,TX). The evaluation map is denoted by
ev : H0(X,TX)⊗OX → TX .
On the other hand, for any point x ∈ X , consider the orbit map
µx : G→ X ; g 7→ gx.
Since the differential of µx at the identity e ∈ G coincides with the evaluation at
x, then our claim follows.
The following structure theorem, due to A. Borel and R. Remmert, tells us
that there are basically two types of homogeneous manifolds: projective algebraic
groups (i.e. abelian varieties) and quotients of simple Lie groups.
Theorem 2.2 ([4]). Any homogeneous manifold X is isomorphic to a product
A×Y1×· · ·×Yk, where A is an abelian variety and every Yi is projective variety of
the form Gi/Pi, where Gi is a simple Lie group and Pi ⊂ Gi is a parabolic subgroup.
A product of simple Lie groups is called semisimple (equivalently, they are
usually defined as the Lie groups that have no notrivial normal connected solvable
subgroups), and a projective quotient G/P of a semisimple Lie group is called a
rational homogeneous manifold.
Abelian varieties and rational homogeneous manifolds may be already distin-
guished at the level of the positivity of their tangent spaces. In fact, the group
structure of an abelian variety forces its tangent bundle (hence its canonical divi-
sor) to be trivial, whereas the fact that semisimple Lie groups are affine varieties
implies that their projective quotients are Fano manifolds. In other words, ra-
tional homogeneous manifolds are the first (conjecturally, the only) examples of
CP-manifolds.
Proposition 2.3. For a rational homogeneous manifold X, the anticanonical
divisor −KX is ample and globally generated.
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Proof. The following argument is due to S. Mori (see for example [36, V.
Theorem 1.4]). Writing X as a quotient G/P of a semisimple Lie group G, the fact
that G is affine and G/P is projective implies that P is positive dimensional.
On the other hand, P might be identified with the isotropy subgroup of a point
x ∈ X . Consider the orbit map µx : G→ X , g 7→ gx.
Since its differential dµx at the identity e sends TP,e to {0} ⊂ TX,x, any section
σ ∈ H0(X,TX) \ {0} contained in TP,e vanishes at x. Furthermore, we have
h0(X,TX) = dimG = dimX + dimP > dimX.
These facts imply that we have a section s ∈ H0(X,OX(−KX))\{0}which vanishes
at x, but is not everywhere zero. Since X is homogeneous under G, OX(−KX) is
non-trivial and globally generated.
Let us consider the morphism ϕ : X → Y defined by the linear system
|OX(−KX)|, which is G-equivariant, and a fiber F = ϕ−1(y). If P ′ is the sta-
bilizer of ϕ(y), then F is homogeneous under P ′. If F 0 is a positive-dimensional
irreducible component of F , then −KF 0 is non-trivial by the same argument as
above. However this contradicts the fact that
OF (−KF 0) = OX(−KX)|F 0 = ϕ∗OY (1)|F 0 = OF 0 .
Thus ϕ is finite. As a consequence, −KX is ample.
2.2. Rational homogeneous manifolds and Dynkin diagrams. One of
the most remarkable properties of semisimple Lie groups and rational homogeneous
manifolds is that they may be completely described in terms of certain combinato-
rial objects named Dynkin diagrams, whose (brief) description is the goal of this
section.
Let us then consider a semisimple Lie group G, and let us denote by g its
associated Lie algebra, that determines G via the exponential map.
Cartan decomposition. We start by choosing a Cartan subalgebra, i.e. an
abelian subalgebra h ⊂ g of maximal dimension. Being h abelian, its adjoint action
on g defines an eigenspace decomposition,
g = h⊕
⊕
α∈h∨\{0}
gα, where gα := {g ∈ g | [h, g] = α(h)g, for all h ∈ h} ,
called Cartan decomposition of g. The elements α ∈ h∨ \ {0} for which gα 6= 0 are
called roots of g, and the set of these elements will be denoted by Φ. The eigenspaces
gα (so-called root spaces) are one-dimensional, for every α ∈ Φ. Moreover, Φ
satisfies that given α ∈ Φ, then kα ∈ Φ iff k = ±1, and that [gα, gβ] = gα+β iff
0 6= α + β ∈ Φ. In particular the set Φ contains all the information necessary to
reconstruct completely the Lie algebra g (thus the group G) out of it.
Root system and Weyl group of g. The key property of Φ, that allows
us to list all the possible semisimple Lie algebras, is the behaviour of its group of
symmetries.
The Killing form κ(X,Y ) := tr(adX ◦ adY ) defines, on every semisimple Lie
algebra, a nondegenerate bilinear form on h, whose restriction to the real vector
space E generated by Φ is positive definite. Within the euclidean space (E, κ),
every root α ∈ Φ defines a reflection σα, given by:
σα(x) = x− 〈x, α〉α, where 〈x, α〉 := 2κ(x, α)
κ(α, α)
.
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One may then show that the group W ⊂ SO(E, κ) generated by the σα’s, called
the Weyl group of g, leaves the set Φ invariant. Furthermore, one may show that
〈α, β〉 is an integer, a property that allows us to say that Φ is a root system in (E, κ)
(see [5, VI.1 Def. 1]). The important point to remark here is that, as we will see
precisely in the next paragraph, a reduced root system may be reconstructed out
of a very small amount of data: a well chosen basis and the reflections with respect
to its elements (that will be determined by a matrix of integers).
Cartan matrix of g. Set n := dimC(h) and D := {1, 2, . . . , n}. It is known
that for every root system one may always find a base of simple roots, i.e. a basis of
h∨ formed by elements of Φ satisfying that the coordinates of every element of Φ are
integers, all of them nonnegative or all of them nonpositive. A base ∆ = {αi}i∈D
provides a decomposition of the set of roots according to their sign Φ = Φ+ ∪ Φ−,
where Φ− = −Φ+. Moreover, every positive root can be obtained from simple roots
by means of reflections σαi . It is then clear that the matrix M whose coefficients
are 〈αi, αj〉, the so-called Cartan matrix of g, encodes the necessary information to
reconstruct g from the set of simple roots ∆.
Dynkin diagrams. The coefficients of the Cartan matrix M of g are subject
to arithmetic restrictions:
• 〈αi, αi〉 = 2 for all i,
• 〈αi, αj〉 = 0 if and only if 〈αj , αi〉 = 0, and
• if 〈αi, αj〉 6= 0, i 6= j, then 〈αi, αj〉 ∈ Z− and 〈αi, αj〉〈αj , αi〉 = 1, 2 or 3.
which allow us to represent M by a Dynkin diagram, that we denote by D: it
consists of a graph whose set of nodes is D and where the nodes i and j are joined
by 〈αj , αi〉〈αi, αj〉 edges. When two nodes i and j are joined by a double or triple
edge, we add to it an arrow, pointing to i if 〈αi, αj〉 > 〈αj , αi〉. One may prove that
D is independent of the choices made (Cartan subalgebra, base of simple roots),
hence, summing up:
Theorem 2.4. There is a one to one correspondence between isomorphism
classes of semisimple Lie algebras and Dynkin diagrams of reduced root systems.
Furthermore, the classification theorem of root systems tells us that every re-
duced root system is a disjoint union of mutually orthogonal irreducible root sub-
systems, each of them corresponding to one of the connected finite Dynkin diagrams
An, Bn, Cn, Dn (n ∈ N), E6, E7, E8, F4, G2:
(2)
An
1 2 3 n−2 n−1 n
Bn
1 2 3 n−2 n−1 n
Cn
1 2 3 n−2 n−1 n
Dn
1 2 n−3 n−2
n−1
n
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E6
1 3 4 5 6
2
E7
1 3 4 5 6 7
2
E8
1 3 4 5 6 7 8
2
F4
1 2 3 4
G2
1 2
The connected components of the Dynkin diagram D determine the simple Lie
groups that are factors of the semisimple Lie group G, each of them corresponding
to one of the Dynkin diagrams above.
In the above list we have introduced a numbering for the nodes of every Dynkin
diagram (we have followed the standard reference [22, p. 58]). We note also that
the classical Lie groups SLn+1, SO2n+1, Sp2n and SO2n correspond to the diagrams
An, Bn, Cn and Dn, respectively.
Rational homogeneous manifolds and marked Dynkin diagrams. Not
only semisimple Lie groups, but also their projective quotients G/P may be repre-
sented by means of Dynkin diagrams. The key point for this is that a subgroup P
of G for which G/P is projective, called a parabolic subgroup, is determined by a
set of simple roots of G in the following way: given a subset I ⊂ D, let Φ+(I) be
the subset of Φ+ generated by the simple roots in D \ I. If moreover I intersects
every connected component of the Dynkin diagram D, then the subspace
(3) p(I) := h⊕
⊕
α∈Φ+
g−α ⊕
⊕
α∈Φ+(I)
gα
is a parabolic subalgebra of g, determining a parabolic subgroup P (I) ⊂ G. Con-
versely, every parabolic subgroup is constructed in this way. In the most common
notation, we represent F (I) := G/P (I) by marking on the Dynkin diagram D of G
the nodes corresponding to I.
Example 2.5. Given an (n + 1)-dimensional complex vector space V , the ra-
tional homogeneous manifolds for the group SLn+1 = SLn+1(V ), are determined
by the different markings of the Dynkin diagram An. For instance, numbering the
nodes of An as in (2), the projective space P
n = P(V ∨), its dual P(V ), and P(TPn)
correspond to the marking of I = {1}, {n} and {1, n}, respectively:
Pn
Pn∨
P(TPn)
More generally, the homogeneous manifold determined by marking the ordered
set of nodes I = {i1, . . . , ik}, which is called the flag manifold associated to I
in Pn, is isomorphic to the parameter space of flags of linear spaces of the form
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Pi1 ⊂ · · · ⊂ Pik ⊂ Pn. Similar descriptions may be done for the rest of the classical
simple Lie groups.
Contractions of rational homogeneous manifolds. We finally show how
to write the contractions of a manifold F (I) in terms of marked Dynkin diagrams.
From the above construction it immediately follows that given two subsets
J ⊂ I ⊂ D, the inclusion P (I) ⊂ P (J) provides a proper surjective morphism pI,J :
F (I) → F (J). Moreover, the fibers of this morphism are rational homogeneous
manifolds, determined by the marked Dynkin diagram obtained fromD by removing
the nodes in J and marking the nodes in I \ J .
The following result states that these maps are the only contractions of F (I):
Proposition 2.6. Every rational homogeneous manifold F (I) = G/P (I) is a
Fano manifold, whose contractions are all of the form pI,J , J ⊂ I ⊂ D. In partic-
ular, the Picard number of F (I) is ♯(I) and the Mori cone NE(F (I)) ⊂ N1(F (I))
is simplicial.
2.3. Rational curves on CP-manifolds. In this section we review some
results on families of rational curves on Fano manifolds, that will be useful later
on. For simplicity, we focus only on the case of CP-manifolds, and refer to [23, 34,
36, 46] for more details and general results on this topic.
Notation 2.7. Let X be a CP-manifold of dimension m. We denote by
Hom(P1, X) the scheme parametrizing the morphisms from P1 to X , and by ev :
Hom(P1, X)× P1 → X the natural evaluation map (see [36, Chapter II]).
The following lemma shows that every rational curve on a CP-manifold is free,
i.e. its deformations dominate X .
Lemma 2.8. Let X be a CP-manifold and let f : P1 → X be a nonconstant
morphism. Then Hom(P1, X) is smooth at [f ] and, being H the irreducible com-
ponent of Hom(P1, X) containing [f ], the restriction of the evaluation morphism
H × P1 → X is dominant.
Proof. Being TX nef by hypothesis, for any nonconstant morphism f : P
1 →
X it holds that f∗TX is globally generated, and in particular H
1(P1, f∗TX) = 0.
Then the smoothness of Hom(P1, X) follows by [36, I.2.16], and the dominancy of
ev by the standard description of its differential in terms of the evaluation of global
sections of f∗TX ([36, II.3.4]).
Notation 2.9. Taking quotient by the automorphims of P1, one produces the
scheme parametrizing rational curves on X (see [36, II.2]), whose normalization
is denoted by RatCurvesn(X). An irreducible component M of RatCurvesn(X)
is called a minimal rational component if it contains a rational curve of minimal
anticanonical degree. Since all rational curves parametrized by M are numerically
equivalent, we may set d := −KX · C for [C] ∈M. For a minimal rational compo-
nent M, we have an associated universal family and an evaluation morphism:
U
p
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥ q
  
❅❅
❅❅
❅❅
❅❅
M X
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Finally, we denote byMx the normalization of the subscheme ofM parametrizing
rational curves passing through x ∈ X .
Proposition 2.10. With the same notation as above, we have the following:
(1) M is a smooth projective variety of dimension m+ d− 3.
(2) q is a smooth morphism and p is a smooth P1-fibration.
(3) For a general point x ∈ X, Mx is isomorphic to q−1(x). In particular,
Mx is a projective manifold of dimension d− 2.
(4) d is at least 2.
(5) If d = 2, then q is an isomorphism. In particular, X admits a smooth
P1-fibration structure p : X →M.
(6) If a rational curve C is a general member of M, then C is standard, i.e.
denoting by f : P1 → X its normalization, f∗TX ∼= OP1(2)⊕OP1(1)⊕d−2⊕
O⊕m−d+1
P1
.
Proof. Since TX is nef, we see that q is a smooth morphism andM is a smooth
projective variety of dimension m + d − 3 by [36, II. Theorem 1.7, Theorem 2.15,
Corollary 3.5.3]. The projectivity of M follows from [36, II. Proposition 2.14.1].
Moreover, p is a smooth P1-fibration by [36, II. Corollary 2.12]. Hence (1) and (2)
hold. The third statement follows from [32, Theorem 3.3]. Since the dimension of
Mx is non-negative, we see that d is at least 2. To prove (5), assume that d = 2.
By (1) and (2), q is an e´tale covering. Since a Fano manifold is simply-connected,
q is an isomorphism. The last statement follows from [36, IV. Corollary 2.9].
Remark 2.11. The terms smooth P1-fibration and P1-bundle are used in the
literature with different meanings. In this paper, we will use the first to refer to
smooth maps whose fibers are P1’s, whereas the second is reserved to projectiviza-
tions of rank two vector bundles. For instance, we may only say, in general, that
the map p : U → M is a smooth P1-fibration, but its restriction p−1(Mx) →Mx
is a P1-bundle, since there exists a divisor that has degree one on the fibers.
Definition 2.12. For a general point x ∈ X , we define the tangent map
τx :Mx 99K P(T∨X,x)
by assigning to each member of Mx smooth at x its tangent direction at x. We
denote by Cx ⊂ P(T∨X,x) the closure of the image of τx, which is called the variety
of minimal rational tangents (VMRT) at x.
We introduce the fundamental results of the theory of VMRT.
Theorem 2.13 ([32, Theorem 3.4],[26, Theorem 1]). Under the setting of Def-
inition 2.12,
(1) τx is a finite morphism, and
(2) τx is birational onto Cx.
Hence τx :Mx → Cx is the normalization.
Remark 2.14. Under the setting of Definition 2.12, the tangent map can be
considered as a morphism τx : q
−1(x) ∼= Mx → Cx by Proposition 2.10 (3). Let
Ux be the universal family associated to Mx and KUx/Mx the relative canonical
divisor of Ux →Mx. Via the composition of natural morphisms TUx/Mx |q−1(x) ⊂
TUx |q−1(x) and TUx |q−1(x) → TX,x ⊗ Oq−1(x), it follows from [32, Theorem 3.3,
Theorem 3.4] that TUx/Mx |q−1(x) is a subbundle of TX,x ⊗ Oq−1(x). This yields a
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morphism q−1(x)→ P(T∨X,x), which is nothing but the tangent map τx. Hence the
tangent map τx satisfies
(4) τ∗xOP(T∨X,x)(1) = Oq−1(x)(KUx/Mx).
Proposition 2.15. [1, Proposition 2.7] Under the setting of Definition 2.12,
τx is immersive at [C] ∈Mx if and only if C is standard.
Remark 2.16. Assume here that there exists a very ample line bundle L on
X that has degree one on the curves parametrized by M (note that this holds for
rational homogeneous manifolds). The bundle L provides an embedding X ⊂ PN ,
under which the curves parametrized by M are lines. Then, at every x ∈ X , the
map τx is injective, because any line through x is uniquely determined by its tangent
direction. Moreover, if x is a general point, τx : Mx → P(T∨X,x) is an immersion
(Proposition 2.15), hence an embedding.
Example 2.17. There exist two rational homogeneous manifolds of Picard
number 1 and of type G2. One is a 5-dimensional quadric hypersurface Q
5, whose
VMRT is well known to be Q3, and the other is a 5-dimensional homogeneous
manifold, that we denote by K(G2). It is known that K(G2) is covered by lines
and Q5 is isomorphic to its minimal rational componentM. The universal family U
ofM is also a homogeneous manifold of type G2, dominating both Q5 and K(G2):
U
p
⑦⑦
⑦⑦
⑦⑦
⑦⑦ q
  ❆
❆❆
❆❆
❆❆
❆
Q5 K(G2)
p
xxqq
qq
qq
qq
qq
q
&&▼
▼▼
▼▼
▼▼
▼▼
▼
Classically U is described as the projectivization P(E) of a Cayley bundle E on Q5
(see [55, 1.3]). On the other hand, via the above diagram, K(G2) can be seen as a
family of special lines on Q5. In particular, for any x ∈ K(G2), q−1(x) is isomorphic
to P1. By Remark 2.14, we have τ∗xOP(T∨K(G2),x)(1) = Oq−1(x)(KUx/Mx). Since
KUx/Mx · q−1(x) = KU · q−1(x) −KM · p∗(q−1(x)) = −2 + 5 = 3,
the VMRT Cx of K(G2) has degree 3. Since Cx is smooth, it is the twisted cubic
curve in its linear span. We refer to [55] for more details on K(G2).
2.4. VMRT’s of rational homogeneous manifolds of Picard number
one. Representation theory provides a description of the VMRT’s of rational ho-
mogeneous manifolds (see for instance [23, 39, 47]). In this section we will confine
to the case of homogeneous manifolds of Picard number one, for which the VMRT
and its embedding are described in the following table:
D node r X VMRT embed.
An ≤ n G(r − 1, n) Pr−1 × Pn−r O(1, 1)
Bn ≤ n− 2 OG(r − 1, 2n) Pr−1 ×Q2(n−r)−1 O(1, 1)
n− 1 OG(n − 2, 2n) Pn−2 × P1 O(1, 2)
n Sn G(n− 2, n) O(1)
Cn 1 P
2n−1 P2n−2 O(1)
≤ n− 1 LG(r − 1, 2n− 1) (see Prop. 2.20)
n LG(n− 1, 2n− 1) Pn−1 O(2)
12 R. MUN˜OZ, G. OCCHETTA, L.E. SOLA´ CONDE, K. WATANABE, AND J. WIS´NIEWSKI
Dn ≤ n− 3 OG(r − 1, 2n− 1) Pr−1 ×Q2(n−r−1) O(1, 1)
n− 2 OG(n− 3, 2n− 1) P1 × P1 × Pn−3 O(1, 1, 1)
n− 1, n Sn−1 G(n− 3, n− 1) O(1)
Ek 1 Ek(1) Sk−2 O(1)
2 Ek(2) G(2, k − 1) O(1)
3 Ek(3) P
1 ×G(1, k − 2) O(1, 1)
4 Ek(4) P
1 × P2 × Pk−4 O(1, 1, 1)
5 Ek(5) G(2, 4)× Pk−5 O(1, 1)
6 Ek(6) S4 × Pk−6 O(1, 1)
7 Ek(7) E6(6)× Pk−7 O(1, 1)
8 E8(8) E7(7) O(1)
F4 1 F4(1) LG(2, 5) O(1)
2 F4(2) P
1 × P2 O(1, 2)
3 F4(3) (see Prop. 2.20)
4 F4(4) (see Prop. 2.20)
G2 1 Q
5 Q3 O(1)
2 K(G2) P
1 O(3)
Table 2. VMRT’s of homogeneous manifolds of Picard number one
The notation we have used in this table is the following:
• Qk: smooth k-dimensional quadric.
• G(k, n): Grassmannian of k-linear projective subspaces of Pn.
• OG(k, n): Orthogonal Grassmannian parametrizing the k-linear projec-
tive subspaces of Pn that are isotropic with respect to a nondegenerate
symmetric form. It is irreducible except for n = 2k + 1.
• Sn: Spinor variety OG(n − 1, 2n); alternatively it may be described as
each one of the two irreducible components of OG(n, 2n+ 1).
• LG(k, n): Lagrangian Grassmannian parametrizing the k-linear projective
subspaces of Pn that are isotropic with respect to a nondegenerate skew-
symmetric form (n odd).
• En(k), (resp. F4(k)): rational homogeneous manifold of type En, (resp.
F4), associated to the maximal parabolic subgroup determined by the set
of nodes I = {k}.
• O(1): (very) ample generator of the Picard group of a rational homoge-
neous manifold (in each case).
• O(a1, a2, . . . ): on a product of rational homogeneous manifolds of Picard
number one, Y1 × Y2 × . . . , this represents the tensor product of the pull-
backs of the O(ai)’s (by the i-th natural projection).
• In every case, the embedding of the VMRT is given by the complete linear
system of the indicated line bundle.
Let us discuss briefly the contents of the table; we refer the interested reader
to the original paper of Landsberg and Manivel, [39] for details.
We start by recalling that the root system of a simple Lie algebra may have
elements of different length, as elements of the euclidean space (E, κ). In fact, one
can already see this at the level of simple roots:
• either D has a multiple edge and then the length of a simple root may
take two values, depending on whether there is an arrow in the diagram
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pointing in the direction of the corresponding node (and we say that the
root is short) or not (and we say that the root is long),
• or D has only simple edges and then all the roots have the same length
(by definition, they are long).
Given any connected Dynkin diagram D a node r, we denote by N(r) ⊂ D the
set of nodes sharing an edge with r in D. Then:
Proposition 2.18. Let X = G/P (r) be the rational homogeneous manifold of
Picard number one determined by the connected Dynkin diagram D marked at the
node r. Assume moreover that r is a node associated to a long root of g. Then the
VMRT of X at every point is a rational homogeneous manifold associated to the
Dynkin diagram obtained from D by removing the node r, and marking the nodes
N(r). In particular, it is a product of homogeneous manifolds of Picard number
one.
If the node r is a short root, the VMRT may still be computed, but it is
homogeneous only in certain cases:
Proposition 2.19. With the same notation as in the Proposition 2.18, assume
that the pair (D, r) is one of the following:
(Bn, n), (Cn, 1), (G2, 1).
Then the VMRT of X at every point is isomorphic, respectively, to
G(n− 2, n), P2n−2, Q3.
Proof. The three homogeneous manifolds may be obtained also from the pairs
(Dn+1, n+ 1), (A2n−1, 1), (B3, 1).
Then the result follows from 2.18.
Finally, the remaining cases are not homogeneous, but they have been described
in the following way (see [39]):
Proposition 2.20. With the same notation as in the Proposition 2.18, the
VMRT’s of the homogeneous manifolds determined by the pairs (D, r) = (Cn, r),
r = 2, . . . , n− 1, (F4, 3), (F4, 4) may be described as follows:
(Cn, r) Blow-up of P
2n−r−1 along a Pr−1, or P(OPr−1(2)⊕OPr−1(1)2n−2r) embed-
ded by the complete linear system of the tautological bundle O(1). This is
a codimension (r − 1) linear section of the VMRT of (A2n−1, r), which is
Pr−1 × P2n−r−1.
(F4, 3) Non-trivial smooth Q
4-fibration over P1.
(F4, 4) Smooth hyperplane section of S4, (which is the VMRT of (E6, 1)).
The knowledge of the VMRT’s of the rational homogeneous manifolds of Picard
number one is particularly important due to the following result proved by Hong and
Hwang. Within the class of Fano manifolds of Picard number one, certain rational
homogeneous manifolds are determined by Cx and its embedding in P(T∨X,x).
Theorem 2.21 (Special case of [21]). Let X be a Fano manifold of Picard
number one, S = G/P a rational homogeneous manifold corresponding to a long
simple root, and Co ⊂ P(T∨S,o) the VMRT at a reference point o ∈ S. Assume
Co ⊂ P(T∨S,o) and Cx ⊂ P(T∨X,x) are isomorphic as projective subvarieties. Then X
is isomorphic to S.
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3. Fano varieties with nef tangent bundle
In this section we prove that the basic properties of the contractions of CP-
manifolds are analogous to those of rational homogeneous manifolds (see Propo-
sition 2.6). More concretely, we will see that the Mori cone of a CP-manifold is
simplicial (Corollary 3.2), and that its contractions are smooth fibrations, whose
fibers and targets are CP-manifolds (Theorem 3.3). This statement, originally due
to Demailly, Peternell and Schneider [15, Theorem 5.2], motivates an inductive
approach to Conjecture 1.2.
We start by noting that, by Lemma 2.8, the nefness of TX implies that the
deformations of every rational curve dominate X . Since moreover X is Fano, the
nontrivial fibers of its contractions contain rational curves, and one immediately
gets the following:
Proposition 3.1. Every Mori contraction π : X → Y of a CP-manifold X is
of fiber type, that is dimY < dimX.
As a consequence, one may show that the Mori cone of a CP-manifold X is the
convex hull of a basis of N1(X):
Corollary 3.2. The Mori cone NE(X) of a CP-manifold X is simplicial.
Proof. Assume by contradiction the existence of extremal rays R1, . . . , Rk
such that k > ρ(X) = n and choose a rational curve Γi of minimal anticanonical
degree among those spanning the corresponding ray Ri. Without loss of generality
we can assume that [Γk] can be written as [Γk] =
∑n
i=1 ai[Γi] (ai ∈ Q for i =
1, . . . , n) and that a1 < 0 by the extremality of Rk.
For i ∈ {2, . . . , n} take the unsplit (by the minimality of the degree of Γi) family
Mi of rational curves containing Γi. Using the rational connectedness relation with
respect to (M2, . . . ,Mk), cf. [36, IV. 4.16], one can prove, see [10, Lemma 2.4],
that the classes [Γ2], . . . , [Γn] are lying in an (n − 1)-dimensional face of NE(X),
being every contraction of X of fiber type. A supporting divisor H of this face
provides a contradiction: H · Γi = 0 for i = 2, . . . , n, H · Γ1 > 0 so that H · Γk < 0,
contradicting that H is nef.
The main result of this section is the following:
Theorem 3.3. Let π : X → Y be a Mori contraction of a CP-manifold. Then
π : X → Y is smooth, and Y and the fibers of π are CP-manifolds.
Remark 3.4. The second part of the statement is an easy consequence of the
smoothness of π via the exact sequences defining the relative tangent bundle and the
normal bundles to the fibers. Furthermore we may assume that π is an elementary
contraction, i.e. that its relative Picard number is one. Otherwise, by the Cone
Theorem, we can factor π as π2 ◦ π1 where π1 is elementary and π2 : X1 → Y
is a contraction of a CP-manifold with smaller relative Picard number. Then the
general result follows by induction (for details, see [58, Lemma 4.7]).
The proof we present here is based on [58, 4.2], and will be divided in several
steps.
Lemma 3.5 ([58, Lemmas 4.10 and 4.11]). Let π : X → Y be an elementary
Mori contraction of a CP-manifold. Then π is equidimensional and all its fibers
are irreducible.
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Proof. Let F ⊂ X be a general fiber of π and consider a component M of
the Chow variety Chow(X) containing F . Normalizing, if necessary, we consider
the universal family U of cycles over M and the evaluation map e : U → X , fitting
in a commutative diagram:
U
e //
u

X
π

M
k
// Y
Since any cycle algebraically equivalent to F is contracted by π, then e (and hence
k) is birational. Since u is equidimensional, it is enough to show that k is an isomor-
phism, which will follow, being π elementary, by showing that e is an isomorphism.
Let us prove this last assertion by contradiction. Assume the existence of x ∈ X
such that e−1(x) is positive dimensional and consider the variety Z(x) swept out
on X by the cycles of the family M by x, that is,
Z(x) = e(u−1(u(e−1(x)))),
which satisfies dimZ(x) > dimF . The general fiber of u is rationally chain con-
nected, hence, since rationally chain connected fibers on a equidimensional mor-
phism form a countable union of closed sets (see [36, IV, 3.5.2]), any fiber of u is
rationally chain connected, and so is Z(x). Let us now observe that for any chain
of rational curves Γ in a fiber of π, there exists a smoothing with a smooth point
y of the chain Γ fixed, see [36, II, 7.6.1]. This implies that every point y′ ∈ Γ lies
in the closure of a component of the set of points of Z(x) that can be joined with
y by an irreducible rational curve in Z(x). Since the base field C is uncountable, it
follows that any pair of general points in Z(x) can be joined by a rational curve in
the fiber π−1(x). Let C be a general curve in a family of rational curves joining two
general points of Z(x) and let f : P1 → C be its normalization. Since deformations
of C by a point sweep out Z(x) we get:
r+(f∗TX) = dim(X)− h0(f∗ΩX) ≥ dimZ(x) > dimF,
where r+(f∗TX) is the number of positive summands of f
∗TX . But, by semicon-
tinuity of cohomology, for small deformations ft of f we get the same inequality.
Since deformations of f dominate X , some small deformation ft0 is contained in a
general fiber; on such a fiber the normal bundle is trivial, hence r+(f∗t0TX) ≤ dimF ,
a contradiction.
The argument showing that rational chains joining points of Z(x) can be
smoothened fixing a point can be used to prove that any fiber of π is rationally
connected and then irreducible.
Due to the local nature of the statement of Theorem 3.3, we can reduce the
problem to the case in which Y affine. In fact, we can assume that the coordinate
ring A(Y ) = H0(X,OX).
Lemma 3.6 ([58, Lemma 4.12]). With the same notation as in 3.5, every fiber
of π with its reduced structure is smooth, Fano and its normal bundle is trivial.
Proof. Let y ∈ Y be a closed point and take g1, . . . , gs ∈ A(Y ) to be genera-
tors of the maximal ideal of y. The ideal sheaf of F ′ := π−1(y) is generated by the
gi’s. Denote by I the ideal sheaf of the reduced structure F of F ′ inX . By the prod-
uct of differentials, the gi’s provide global sections of Sym
ri(ΩX⊗OF ) where ri is the
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maximal integer for which gi ∈ Iri . Hence we get divisorsD(gi) ∈ |OP(ΩX⊗OF )(ri)|.
The exact sequence
I/I2 → ΩX ⊗OF → ΩF → 0
shows that the base locus B = ∩si=1D(gi) of these divisors contains P(ΩF ), being
equal over a general point of F . Now, the rational curves in the fibers enter into
the picture. Since any two points of F can be joined by a chain of rational curves,
it is enough to show that a rational curve through a smooth point of F is contained
in the smooth locus of F . Take f : P1 → X such that f(P1) ⊂ F contains a smooth
point of F . The divisors D(gi) provide divisors on O(P(f∗ΩX ))(ri). It can be shown
(see [58, Lemma 4.6]) that the intersection B′ of these divisors with any fiber of
P(f∗ΩX) does not depend on the fiber. The equality at the smooth points of F
leads consequently to the equality B′ = P(f∗ΩF ) and to the fact that f
∗ΩF is a
sheaf of constant rank along f(P1). Then F is smooth along f(P1) and consequently
F is smooth as remarked above. Moreover, this shows that the bundle f∗NF/X is
trivial on any rational curve on F , and this implies that NF/X is trivial, see [49,
Proposition 2.4]. Hence the fiber F is Fano by adjunction.
Proof of Theorem 3.3. With the notation as above consider the blow-up
β : X ′ → X of X along the reduced structure F of π−1(y). Since NF/X is trivial,
then there exist (dimY ) global sections of −E|E = OE(1) spanning it. The restric-
tion to the exceptional divisor E of −KX′− 2E is OE(dimY +1)−β∗KX |E , hence
ample. Then h1(X ′,−2E) = 0 by the Kawamata-Viehweg vanishing theorem. This
implies that any section of −E|E extends to X ′ and descends to a function on Y
vanishing at y. Then we have regular functions g1, . . . , gdimY ∈ A(Y ) vanishing
at y and whose pull-backs generate an ideal sheaf of F at every point. Finally it
follows that g1, . . . , gdimY are regular generators of the maximal ideal of y ∈ Y ,
and then Y is smooth at y and π : X → Y is smooth.
The smoothness of the contractions has interesting consequences on the Mori
cones of X and Y .
Proposition 3.7. For every contraction π : X → Y of a CP-manifold and for
every y ∈ Y the following properties hold:
(1) ρ(π−1(y)) = ρ(X)− ρ(Y ), and
(2) j∗(NE(π
−1(y))) = NE(X) ∩ j∗(N1(π−1(y))), where j∗ is the linear map
induced by the inclusion j : π−1(y)→ X.
Proof. Let us follow the ideas of the proof of [9, Lemma 3.3 and Example 3.8].
By the relative version of the Cone Theorem, the relative cone of curves NE(X/Y ) ⊂
kerπ∗ is closed and poyhedral, and one can choose an extremal ray R of NE(X/Y ).
Since π is smooth, by [65, Proposition 1.3], the locus of curves in R dominates
Y , hence R ⊆ j∗NE(π−1(y)). This proves that the subspace N1(π−1(y), X) of
N1(X) spanned by curves in π
−1(y) is equal to kerπ∗. We must prove now that
dimN1(π
−1(y), X) = ρ(π−1(y)). Dually, this dimension is equal to the dimension
of the image of the restriction of divisors: Pic(X) ⊗ Q → Pic(π−1(y)) ⊗ Q. This
can be computed (see for instance [61, Chapter 3]) as the dimension of the linear
subspace of Pic(π−1(y))⊗Q = H2(π−1(y),Q) invariant for the monodromy action
of the fundamental group π1(Y, y), which is trivial, being Y Fano and hence simply
connected. This proves (1).
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The statement (2) is just a consequence of the fact that any curve C in an
extremal ray of NE(X) contracted by π deforms to a curve meeting π−1(y) (any
contraction is of fiber type), and is therefore contained in this fiber.
By the simpliciality of X proved above, the number of extremal rays of X
equals its Picard number. Let us finish this section by fixing the notation that will
be used in the sequel:
Notation 3.8. Given a CP-manifold X of Picard number n, we will denote
by Ri, i = 1, . . . , n, the extremal rays of NE(X). For every i the corresponding
elementary contraction will be denoted by πi : X → Xi, and its relative canonical
divisor by Ki. We will denote by Γi a rational curve of minimal degree such
that [Γi] ∈ Ri, general in the corresponding unsplit family of rational curves Mi,
by pi : Ui → Mi the universal family of curves parametrized by Mi, and by
qi : Ui → X the evaluation morphism. In the particular case n = 1, we will skip
subindices, and write M, U , etc, instead of M1, U1,. . .
4. Results in low dimension
The purpose of this section is to survey the results of classification of low-
dimensional CP-manifolds. In dimensions one and two the picture is simple: the
only smooth Fano curve is P1, which is in particular homogeneous; smooth Fano
surfaces are either P2, or a blow-up of P2, or P1 × P1 and, among these manifolds,
only the homogeneous manifolds P2 and P1 × P1 have nef tangent bundle.
Let us recall the following general definition: for a Fano manifold X of dimen-
sion m ≥ 2, the pseudoindex iX is defined as
iX := min{−KX · C |C ⊂ X rational curve}.(5)
The pseudoindex is upper bounded for any Fano manifold and those reaching
the extremal values are classified:
Theorem 4.1 ([11, 31], [44]). Let X be a Fano manifold of dimension m ≥ 2.
Then iX ≤ m+ 1. Furthermore,
(1) if iX = m+ 1, then X is a projective space P
m;
(2) if iX = m, then X is a smooth quadric hypersurface Q
m.
On the other hand by Proposition 2.10 (4), if X is a CP-manifold we have
iX ≥ 2. Moreover, if iX = 2 then it follows from Proposition 2.10 (5) that X
admits a smooth P1-fibration structure, which implies that its Picard number is
bigger than one. Hence, when the Picard number is one, the pseudoindex is lower
bounded by 3. When equality holds we have the following classification result (see
[25, 46]):
Theorem 4.2. Let X be an m-dimensional CP-manifold of Picard number one,
m ≥ 2. Then iX ≥ 3 and if iX = 3 then X is P2, Q3 or K(G2), where K(G2) is the
5-dimensional contact homogeneous manifold of type G2 defined in Example 2.17.
Sketch of the proof of 4.2. By Proposition 2.10, a minimal rational com-
ponent M is a projective manifold of dimension m. Furthermore, q : U → X is
a smooth morphism of relative dimension one and p : U → M is a smooth P1-
fibration. By using the hyperbolicity of the moduli space of curves, one can prove
that q is also a smooth P1-fibration (see [46, Lemma 1.2.2]). Hence, the universal
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family U admits two smooth P1-fibrations, and the result follows from Theorem 4.7
below.
Remark 4.3. The original proof of Theorem 4.2, due to Mok ([46]) and com-
plemented by Hwang ([25]), follows, at this point, a different line of argumentation.
First of all, since −KX · C = 3 for [C] ∈ M, it is possible to find a unisecant di-
visor for the fibers of p : U → M (see [46, Corollary 1.3.1] for details), so that in
particular U is the projectivization of a rank two vector bundle E over M which
is proved to be stable (see [46, Proposition 2.1.1]). The stability of E implies nu-
merical restrictions on its Chern classes of E . In fact, if the second Chow group
A2(M)Q is isomorphic to Q then one gets Bogomolov inequality
(6) c1(E)2 ≤ 4c2(E).
Let us comment that in [46] the assumption on the fourth Betti number of X to
be one is used to prove b4(M) = 1. However, in [25] it is pointed out that this
assumption on b4(X) can be removed, using the isomorphism A2(M)Q ≃ Q which is
a consequence of the fact that U admits two smooth P1-fibrations. As a consequence
of the inequality (6) above (see [46, Proposition 2.2.1]), it is then shown that the
VMRT Cx at a general point x ∈ X is a rational curve of degree at most 3, which
in particular implies that Cx ⊂ P(T∨X,x) is projectively equivalent to the one of
VMRT of P2, Q3 or K(G2) (see Table 2). At this point we could already conclude
by using Theorem 2.21, but this result is posterior to [46, 25]. The original proof
includes a case by case analysis in terms of the degree d of Cx. In this study some
analytic techniques previously developed by Hwang and Mok are needed to know
when a distribution containing the one spanned by the VMRT’s is integrable or
not. This is enough to deal with the cases d = 1 or d = 2. For example, when
d = 1 the distribution spanned by the VMRT’s is on one hand integrable and, on
the other, not integrable unless it coincides with TX . This implies that dimX = 2
and X = P2. Similar arguments lead to dimX = 3 (and X = Q3) when d = 2 and
to dimX = 5 when d = 3. In this last case the way in which X is proved to be
isomorphic to K(G2) involves the recognition of its contact structure and a result of
Hong (see [46, Proposition 3.1.4]) that allows to reconstruct a homogeneous contact
manifold upon its VMRT’s (an antecedent of Theorem 2.21).
As a consequence of the two previous theorems, we may obtain the complete
list of CP-manifolds of dimension less than or equal to 4 and Picard number one
and, as a consequence we get the following:
Corollary 4.4. Conjecture 1.2 holds for manifolds of Picard number one and
dimension 3 or 4.
An inductive argument on the dimension will then provide the complete clas-
sification of CP-manifolds of dimension at most 5 and Picard number bigger than
one:
Theorem 4.5. [7, 8, 62] Conjecture 1.2 holds for manifolds of Picard number
greater than one and dimension at most 5.
Sketch of the proof. Let X be a CP-manifold with Picard number greater
than one. ThenX admits at least two contractions of extremal rays. By Proposition
3.3, these contractions are smooth morphisms, and their fibers and targets are again
CP-manifolds. Hence, induction applies. Since the general strategies to tackle the
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cases of Picard number greater than one in [7, 8, 62] are the same, we focus on
the easiest case, that is, the case of dimension 3.
Assume therefore that dimX = 3. Then any fiber of an elementary contraction
is either P1 or P2 and the target space is either P1, or P2 or P1 × P1. This implies
that any elementary contraction is either a P1-bundle over P2 or P1 × P1, or a
P2-bundle over P1. In fact, a smooth Pk-fibration over a rational manifold is a
Pk-bundle, since the Brauer group of a rational manifold is trivial (cf., for instance,
[62, Proposition 2.5]). According to a case-by-case analysis, it is possible to show
that X is isomorphic either to P1 × P1 × P1, or to P1 × P2 or to P(TP2).
Remark 4.6 (Note Added in Proof). Recently we have been informed that the
general strategy towards Conjecture 1.2 that we will present in Section 6 can be
used to give a proof of it in dimension 5 (cf. [29]).
4.1. Fano manifolds with two smooth P1-fibration structures. We fin-
ish this section with the classification of Fano manifolds of Picard number 2 admit-
ting two different smooth P1-fibrations, that we have used to prove Theorem 4.5.
As we will see, a similar statement (Theorem 6.5) holds for Fano manifolds of any
Picard number n. In section 6 we will discuss this result and its possible use as a
starting point to attack the Campana-Peternell conjecture in general.
Theorem 4.7. Let X be a Fano manifold of Picard number 2 which admits
two different smooth P1-fibration structures. Then X is isomorphic to G/B with G
a semisimple Lie group of type A1 ×A1, A2, B2 or G2, and B a Borel subgroup of
G.
If X is a surface, then it is easy to see that X is isomorphic to P1 × P1, that is
the complete flag manifold of type A1 ×A1. Hence we assume that the dimension
of X is at least 3. Along the rest of this section, we use the following notation.
Notation 4.8. Let X be an m-dimensional Fano manifold of Picard number
2 having two smooth P1-fibrations π1 : X → X1, π2 : X → X2. We assume that
m ≥ 3. Let Ki be the relative canonical divisor of πi, Hi the pull-back of the ample
generator of Xi, rXi the Fano index of Xi, i = 1, 2. Set ν1 := K1 ·Γ2, µ1 := H1 ·Γ2,
ν2 := K2 ·Γ1, µ2 := H2 ·Γ1. Without loss of generality, we may assume that ν2 ≥ ν1.
Note that, for j = 1, 2, µj > 0, since πi does not contract the curve Γj if j 6= i.
Moreover, the ruled surface S = π−11 (π1(Γ2)) contains Γ2 as a minimal section,
being the family of deformations of Γ2 unsplit. This gives ν1 ≥ 0 and furthermore,
if ν1 = 0 then S is isomorphic to P
1 × P1. This implies X = S because any Γi
meeting S is contained in S and X is chain connected with respect to the families
of deformations of the Γi’s. This contradicts our assumption m ≥ 3. We have then
proved:
(7) µj , νj > 0 for j = 1, 2.
Although in principle the πj ’s are not necessarily P
1-bundles, the argument of
[25] quoted in Theorem 4.2 allows to prove that H2j generates the Q-vector space of
codimension two cycles on X that are pull-backs by the πj . Since K
2
j is of this type
(this can be shown restricting to a ruled surface of the type π−1j (C)), the following
Chern-Wu numerical relations hold (all details in [50, Lemma 3]):
(8) K2j = ∆jH
2
j for some ∆j ∈ Q and j = 1, 2.
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Moreover, −Kj+ νjµjHj is nef but not big because it is numerically proportional
to Hi (i 6= j) then (−Kj + νjµjHj)m = 0. This equality and the Chern-Wu relations
leads to the contradiction νj = 0 if ∆j ≥ 0 (the precise computations in [50,
Lemma 3]). Then we have shown:
∆j < 0 for j = 1, 2.
Let us show how these numerical considerations narrow down the possibilities of
the values of m.
Proposition 4.9. [50, Lemma 5 and Proof of Theorem 5] Under the setting
in Notation 4.8, we have m = 3, 4 or 6.
Proof. Let us set b1 :=
√−∆1 and z1 := ν1µ1 + ib1 ∈ C, j = 1, 2. Since, as said
before, −K1 + ν1µ1H1 is nef and not big, then we have
0 ≤
(
−K1 + ν1
µ1
H1
)j
Hm−j1 ,
j = 0, . . . ,m, being 0 when j = m. These inequalities reduce to (cf. [49, Proposi-
tion 4.4]):
0 ≤
(
ν1
µ1
+ ib1
)j − ( ν1µ1 − ib1)j
2ib1
,
with equality when j = m. This implies that the argument of z1 is
π
m and then
−∆1 = ν
2
1
µ21
tan2
( π
m
)
∈ Q.
Since the algebraic degree of tan( πm ) over Q is known (see [51, pp. 33-41]), we
conclude that m has the stated values.
Now it can be shown that the P1-fibrations are in fact P1-bundles. For this
we need to find a unisecant divisor. Just computing K1 · Hm−11 (see [50, Proof
of Theorem 5] for details) one can control the intersection numbers ν1 and ν2 and
then (see [63, Proposition 4.5]) choose the proper unisecant divisors. To be precise
we get:
Proposition 4.10. [50, Proof of Theorem 5], [63, Proposition 4.5] Under the
setting in Notation 4.8, we have the following.
(1) ν1ν2 = 4 cos
2
(
π
m
)
.
(2) (ν1, ν2) = (1, 1), (1, 2) or (1, 3).
(3) For j = 1, 2, there exists a rank 2 vector bundle Ej on Xj such that
X = P(Ej) and πj is given by the projection P(Ej)→ Xj.
With this restrictions on m we can control the Fano index of Xi to get:
Proposition 4.11. [50] Under the setting in Notation 4.8, we have the follow-
ing.
(1) µ1 = µ2.
(2) (m,µ1, rX1 , µ2, rX2) = (3, 1, 3, 1, 3), (4, 1, 3, 1, 4) or (6, 1, 3, 1, 5).
Proof. Let us prove (1): take Li to be the tautological divisor of πi : X =
P(Ei) → Xi. Since {Hi, Li} is a Z-basis of PicX for each i, there exist integers
α, β, γ, δ such that
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(
H2
L2
)
= B
(
H1
L1
)
, where B :=
(
α β
γ δ
)
with |detB| = 1.
By a straightforward computation, we see that
α = −µ2
µ1
L1 · Γ2, β = µ2, γ = 1
µ1
(
1− (L2 · Γ1)(L1 · Γ2)
)
, δ = L2 · Γ1.
From |detB| = 1 it follows that µ1 = µ2 as desired.
To prove (2) recall that µ1rX1 = 2+ ν1. Applying Proposition 4.10 and (1), we
have
(m,µ1, rX1 , µ2, rX2) = (3, 1, 3, 1, 3), (3, 3, 1, 3, 1), (4, 1, 3, 1, 4) or (6, 1, 3, 1, 5).
If m = 3, then Xi is a Fano manifold of dimension 2 and Picard number 1, that is
P2. This implies that the case (m,µ1, rX1 , µ2, rX2) = (3, 3, 1, 3, 1) does not occur.
Proof of Theorem 4.7. By Proposition 4.11, we have the list of the possible
values of (m,µ1, rX1 , µ2, rX2 ). Since all cases are done in a similar way, we only
deal with the case (m,µ1, rX1 , µ2, rX2) = (6, 1, 3, 1, 5). From the Kobayashi-Ochiai
Theorem (or Theorem 4.1) it follows that X2 is isomorphic to Q
5.
Let H be the ample generator H of Pic(Q5); we have H4(X2,Z) = Z[H
2], so
there exist integers ci such that c1(E2) = c1H and c2(E2) = c2H2. Assume without
loss of generality that E2 is normalized, that is c1 = 0 or −1. Via numerical
computations, we can show that E2 is a stable vector bundle with (c1, c2) = (−1, 1)
(see [49, Proposition 4.12] for details).
Since a Cayley bundle on Q5 is the only stable vector bundle of rank 2 with
(c1, c2) = (−1, 1) we see that X is isomorphic to the complete flag of type G2,
described in Example 2.17.
5. Semiample tangent bundles
Associated with a CP-manifold X one may consider two canonical auxiliary
varieties, that may help to understand the geometry of X . On one hand we have
the projectivization of the cotangent bundle P(ΩX), which is the ambient space
of the minimal rational tangents to X , defined in Section 2.3. On the other, we
may consider the projectivization of the dual bundle, P(TX), which we have al-
ready introduced to define the nefness of TX . As a general philosophy, if the
Campana-Peternell conjecture is true, one should be able to recognize the homoge-
neous structure of X by looking at the loci of P(TX) in which O(1) is not ample.
The expectancy is that O(1) is semiample and that those loci appear as the ex-
ceptional loci of the associated contraction, as in the case of rational homogeneous
manifolds:
Example 5.1. For every rational homogeneous manifold X = G/P , one has
g = H0(X,TX), and the evaluation of global sections provides a generically finite
morphism ε : P(TX)→ P(g), that contracts curves on which O(1) has degree 0. On
the other hand, we have the adjoint action of G on P(g), and it is well known that
the image of ε may be described as the closure O of the quotient by the natural
C∗-action of a nilpotent orbit, i.e. the orbit by G in g∨ of a nilpotent element. By
abuse of notation, we will refer to O as a nilpotent orbit in P(g). It is known that
the orbit O ⊂ P(g) is the image of the set X0 ⊂ P(TX) in which ε is finite, and that
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the boundary O \ O consists of a union of smaller nilpotent orbits, whose inverse
images in P(TX) correspond to irreducible components of the stratification of P(TX)
in terms of dimension of the fibers of ε. Moreover, the geometry of nilpotent orbits
and their boundaries can be written in terms of combinatorial objects associated
to g, such as partitions and weighted Dynkin diagrams. We refer the reader to
[13] for a complete account on nilpotent orbits, and to [17] for a survey on their
resolutions.
In this section we will discuss the existence of a contraction of P(TX) associated
to the nef tautological line bundle O(1), and we will study the basic properties of
this contraction, in case it does exist. As a consequence, we will finally show that
Conjecture 1.2 holds in the particular case in which TX is big and 1-ample.
Notation 5.2. We will denote by φ : P(TX)→ X the canonical projection, by
O(1) the corresponding tautological line bundle, which is nef by definition of CP-
manifold. In particular we may write O(−KP(TX)) = O(m), where m := dim(X).
Throughout this section we will always assume that TX is not ample, i.e. that X is
not a projective space. This hypothesis allows us to consider the following: with the
same notation as in 3.8, for every i we will denote by Γi a minimal section of P(TX)
over the minimal rational curve Γi, corresponding to a quotient f
∗
i (TX) → OP1
(being fi : P
1 → Γi the normalization of Γi). We denote by f i the normalization
of Γi.
5.1. Semiampleness of TX . The following statement is immediate:
Lemma 5.3. With the same notation as above, the Mori cone NE(P(TX)) is
generated by the class of a line in a fiber of φ : P(TX)→ X and by the classes of Γi,
i = 1, . . . , n. Moreover, O(1) is big on P(TX) if and only if there exist an effective
Q-divisor ∆ satisfying ∆ · Γi < 0, for all i = 1, . . . , n.
Proof. Let N0 ⊂ NE(P(TX)) be the cone generated by the classes of Γi,
i = 1, . . . , n. The push-forward morphism φ∗ : N1(P(TX)) → N1(X) which sends
the class of Γi to the class of Γi induces an isomorphism of N0 with NE(X). Thus
N0 is the facet of NE(P(TX)) which is supported (orthogonal in the sense of in-
tersection) by the numerical class L of O(1). Since NE(P(TX)) ⊂ (φ∗)−1NE(X) ∩
{Z ∈ N1(P(TX))|Z · L ≥ 0} the first claim follows. For the second part, note that
O(1) is big if and only if L lies in the interior of the pseudo-effective cone of P(TX)
(that is, the closure of the cone generated by classes of effective divisors) or, equiv-
alently, if and only if for every ample divisor A and sufficiently small ǫ ∈ Q>0,
∆ = L− ǫA is effective.
Definition 5.4. A line bundle L on a variety X is semiample if L⊗r is gener-
ated by global sections for r ≫ 0; a vector bundle E is semiample if the tautological
bundle O(1) on P(E) is semiample.
If a line bundle L is semiample then the graded ring of its sections R(X,L) =⊕
r≥0H
0(X,L⊗r) is a finitely generated C-algebra, and the evaluation of sections
H0(X,L⊗r)⊗OX → L⊗r yields a proper surjective morphism of projective schemes
(with connected fibers):
ε : ProjX
⊕
r≥0
L⊗r
 −→ YL = Proj
⊕
r≥0
H0(X,L⊗r)

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which we will call evaluation morphism or the contraction of X associated to L.
Contrary to the ample case, nef bundles are not necessarily semiample. Hence,
it makes sense to pose the following weak form of Conjecture 1.3:
Question 1. Let X be a CP-manifold. Is TX semiample?
The standard technique to answer this question is the Basepoint-free theorem,
which, in our situation, provides:
Proposition 5.5. With the same notation as above, for any CP-manifold X,
the following are equivalent:
(1) There exists an effective divisor ∆ satisfying ∆ · Γi < 0 for all i.
(2) TX is big.
(3) TX is semiample and big.
Proof. (1 ⇐⇒ 2) follows from Lemma 5.3, and (2 ⇐⇒ 3) follows from the
usual Basepoint-free theorem.
5.2. A birational contraction of P(TX). Throughout the rest of section 5,
we will always assume that TX is big and semiample (see Proposition 5.5), i.e. that
the evaluation of global sections defines a birational morphism
ε : X := ProjX
⊕
r≥0
SrTX
 −→ Y := Proj
⊕
r≥0
H0(X,SrTX)
 .
Alternatively one may consider the total spaces X̂ and Ŷ of the tautological
line bundles O(1) on the Proj-schemes X and Y, and the natural map:
ε̂ : X̂ := SpecX
(⊕
r∈Z
O(r)
)
−→ Ŷ := SpecY
(⊕
r∈Z
H0(X,O(r))
)
.
The scheme X̂ may also be described as the total space of the cotangent bundle of
X with the zero section removed, and we have a fiber product diagram:
X̂ ε̂ //

Ŷ

X ε // Y
where the vertical arrows are quotients by C∗-actions.
5.3. The contact structure of P(TX). We will see that the contractions ε
and ε̂ enjoy very special features, basically due to the fact that X = P(TX) supports
a contact structure F , defined as the kernel of the composition of the differential of
φ with the co-unit map
θ : TX
dφ−→ φ∗TX = φ∗φ∗O(1) −→ O(1).
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Note that θ fits in the following commutative diagram, with exact rows and columns:
(9) TX/X // // F // //


ΩX/X(1)


TX/X // // TX // //
θ

φ∗TX

O(1) O(1)
The distribution F being contact means precisely that it is maximally non
integrable, i.e. that the morphism dθ : F ⊗F → TX /F ∼= O(1) induced by the Lie
bracket is everywhere non-degenerate. This fact can be shown locally analytically,
by considering, around every point, local coordinates (x1, . . . , xm) and vector fields
(ζ1, . . . , ζm), satisfying ζi(xj) = δij . Then the contact structure is determined,
around that point, by the 1-form
∑m
i=1 ζidxi (see [33] for details).
Following Beauville ([3]), the existence of a contact form on X implies (it is
indeed equivalent to) the existence of a symplectic form on X̂ : a closed 2-form
σ ∈ H0(X̂ ,Ω2
X̂
) which is everywhere nondegenerate, i.e. that induces a skew-
symmetric isomorphism TX̂ → ΩX̂ . Locally analytically, with the same notation
as above, the symplectic form induced by θ is the standard symplectic form on the
cotangent bundle, given by σ =
∑
i dζi ∧ dxi.
Remark 5.6 (Contact and symplectic manifolds in general). More generally, a
smooth variety M is called a contact manifold if it supports a surjective morphism
from TM to a line bundle L, whose kernel is maximally non integrable, and it
is called symplectic if there exists an everywhere nondegenerate closed to form
σ ∈ H0(M,Ω2M ). The relation contact/symplectic that we stated above for our
particular situation can be generally presented as follows: given a contact form
θ ∈ H0(M,ΩM ⊗ L) on a smooth variety M , the total space M̂ of the line bundle
L is a symplectic manifold. A projective birational morphism f̂ : M̂ → N̂ from a
symplectic manifold M̂ to a normal variety N̂ is called a symplectic contraction of
M̂ , or a symplectic resolution of N̂ . This type of resolutions have been extensively
studied by Fu, Kaledin, Verbitsky, Wierzba, and others. We refer the interested
reader to [17] and the references there for a survey on this topic.
Let us note also that the complete list of projective contact manifolds is ex-
pected to be small. In fact it is known (cf. [14, Corollary 2]) that their canonical
divisor is not pseudo-effective and, in particular, it is not nef. This condition had
been previously used in [33] to show that, with the exception of the manifolds
of the form P(TZ), projective contact manifolds cannot have non constant Mori
contractions. We may then conclude that:
Theorem 5.7 ([14, 33]). Let M be a projective contact manifold. Then, either
M is a Fano manifold of Picard number one or M = P(TZ) for some smooth
projective variety Z.
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Finally we remark that it is conjectured (see [42]) that the only Fano con-
tact manifolds of Picard number one are rational homogeneous: more concretely,
minimal nilpotent orbits of the adjoint action of a simple Lie group G on P(g).
5.4. Properties of the contraction ε. We will present here some of the
properties that symplectic resolutions (and its contact counterparts) are known to
satisfy. For the reader’s convenience, we will state them in our particular setup,
and we will refer the interested reader to [17] and [64] for further details. The
following proof has been taken from [64, Remark 1].
Lemma 5.8. With the same notation as above, ε and ε̂ are crepant contractions
and, in particular, their positive dimensional fibers are uniruled.
Proof. The proof in both cases is analogous. In the projective setting, for
instance, we have Riε∗OX = Riε∗(ωX ⊗ O(dim(X))) = 0 for i > 0 ([38, Corol-
lary 2.68]). Then ε is a rational resolution and ωY is a line bundle, isomorphic to
ε∗ωX (cf. [38, Section 5.1]). But then ωX ⊗ ε∗ω−1Y is effective and vanishes on the
Γi’s, hence it is numerically proportional to O(1). Since it is also exceptional, it is
trivial.
For the uniruledness of the fibers, we take (by Proposition 5.5) an effective
Q-divisor ∆ satisfying that (X ,∆) is klt and that −∆ is ε-ample, and use [30,
Theorem 1].
The next proposition lists other important properties of the contraction ε,
inherited from analogous properties of the symplectic resolution ε̂ (see [28] for
details, see also [17]):
Proposition 5.9. With the same notation as above:
(1) There exists a stratification Y = D0 ⊃ D1 ⊃ D2 . . . of projective varieties
such that Di is the singular locus of Di−1, for all i, and every irreducible
component of Di \Di−1 is a contact manifold. In particular dimDi is odd
for all i.
(2) ε is semismall, i.e. for every closed subvariety Z ⊂ X , one has codim(Z) ≥
dim(Z)− dim(ε(Z)).
Finally we will recall the following statement, which is a particular case of a
more general result by Wierzba (see [64, Theorem 1.3]), and that can be obtained
by cutting Y with 2m− 3 general hypersurfaces passing through P , and using the
classification of Du Val singularities of surfaces:
Proposition 5.10. With the same notation as above, if moreover ε is an el-
ementary divisorial contraction, then its exceptional locus is an irreducible divisor
D, and any one dimensional fiber consists of either a smooth P1 or the union of
two P1’s meeting in a point.
5.5. Minimal sections on P(TX). In this section we will study the loci of
the minimal sections Γi’s of P(TX) over the minimal rational curves Γi. Although
it is not true in general that the exceptional locus of ε is swept out by these curves
(see Example 5.19 below), the loci of the Γi’s may contain substantial information
on the contraction ε.
Notation 5.11. For simplicity, let as fix an index i ∈ {1, . . . , n} and denote
Γ := Γi. We choose a rational curve in the class (that, abusing notation, we
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denote by Γ as well), denote by p : U → M its family of deformations and by q :
U → X the corresponding evaluation morphism. We may consider the irreducible
component M of RatCurvesn(X ) containing a minimal section Γ of X over Γ and
the corresponding universal family, fitting in a commutative diagram:
M
φ

U

p
oo
q
// X
φ

M Upoo q // X
We set c := −KX · Γ − 2. Note that 2.10 (6) implies that the fibers of φ over
every standard deformation of Γ are isomorphic to Pm−c−2, so M has dimension
2m− 3. Finally, for simplicity, we will denote by E(ak11 , . . . , akrr ) the vector bundle⊕r
j=1O(aj)⊕kj on P1.
The next proposition describes the infinitesimal deformations of a general mem-
ber of M.
Proposition 5.12. With the same notation as above, let f : P1 → X denote
the normalization of a minimal section Γ of X over a standard rational curve in
the class Γ. Then M is smooth at Γ, of dimension 2m− 3, and
f
∗
TX ∼= E
(− 2, 2, (−1)e, 1e, 02m−3−2e), for some e ≤ c.
Proof. Writing f∗TX = E(2, 1
c, 0m−c−1) and taking in account that f
∗O(1) =
O, the relative Euler sequence of X = P(TX) over X , pulled-back via f provides
f
∗
TX/X = E(−2, (−1)c, 0m−c−2). Then, the upper exact row of diagram (9) pro-
vides:
0→ E(−2, (−1)c, 0m−c−2) −→ f∗F −→ E(2, 1c, 0m−c−2)→ 0.
On the other hand, f
∗O(1) = O also implies that df : TP1 → f∗TX factors via
f
∗F , hence this bundle has a direct summand of the form O(2). Being F a contact
structure, it follows that f
∗F ∼= f∗F∨, so this bundle has a direct summand O(−2),
as well.
From this we may already conclude that
(10) f
∗F ∼= E(−2, 2, (−1)e, 1e, 02m−2e−4), for some e ≤ c,
hence the bundle f
∗
TX is isomorphic either to E(−2, 2, (−1)e, 1e, 02m−2e−3) or to
E(2, (−1)e+2, 1e, 02m−2e−4). On the other hand, the fact that dimM = 2m − 3
implies that h0(P1, f
∗
TX ) ≥ 2m, which allows us to discard the second option.
Finally, in the first case h0(P1, f
∗
TX ) is precisely equal to dim[f ]Hom(P
1,X ) = 2m,
hence this scheme is smooth at [f ] and M is smooth at Γ.
Definition 5.13. Given a minimal section Γ over a minimal rational curve Γ
as above, the number e provided by the proposition above will be called the defect
of M at Γ.
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5.6. Dual varieties. Let us denote by D ⊂ X the closure of q(U), which by
construction is a subset of the exceptional locus of ε. The next result presents the
relation between Dx := D ∩ P(TX,x) and the VMRT, Cx ⊂ P(ΩX,x), of the family
M at the general point x.
Proposition 5.14. With the same notation as above, being x ∈ X general, Dx
is the dual variety of Cx.
Remark 5.15 (Dual varieties of projective subvarieties). We refer the reader
to [60] for an account on dual varieties. Here it is enough to recall that, given a
reduced projective variety M ⊂ Pr = P(V ), and denoting by M0 ⊂M its subset of
smooth points, the Euler sequence provides a surjection OM0 ⊗V ∨ → NM0,Pr(−1),
so that we have a morphism: p2 : P(NM0,Pr(−1)) → P(V ∨) whose image M∨ is
called the dual variety of M . In other words, M∨ may be described as the closure
of the set of tangent hyperplanes of M . That is, we may consider P(NM0,Pr(−1))
as a subset of F (0, r − 1) := P(TPr) ⊂ Pr × Pr∨ and denote by F (M) its closure.
Then the restrictions (p1 and p2) to F (M) of the canonical projections have images
M and M∨, respectively:
Pr F (0, r − 1) //oo Pr∨
M
?
OO
F (M)
?
OO
p2
//
p1
oo M∨
?
OO
Finally, let us recall that the biduality theorem states that M∨∨ = M , so that
the diagram above is reversible, and we may assert that the general fiber of p2 (the
so-called tangency locus of a hyperplane) is a linear space. In particular one expects
p2 to be, indeed, birational for most projective varieties; those varieties for which
e(M) := r − 1 − dim(M∨) is positive are then called dual defective, and e(M) is
called the dual defect of M .
In the next example we are going to compute the dual variety of M = Cx ⊂
P(ΩX,x), being X the Lagrangian Grassmannian of lines in P
5 (i.e. the general
linear section of G(1, 5) in its Plu¨cker embedding). According to Proposition 2.20,
M is isomorphic to the P2-bundle P(E(12, 2)) over P1, embedded in P(ΩX,x) ∼= P6
by the complete linear system of sections of O(1).
Example 5.16. Let us considerM = P(E(12, 2)) as a subscheme of P6, embed-
ded by the complete linear system of its tautological bundle O(1). Equivalently,
we may describe it as a general hyperplane section of the Segre embedding of
P1 × P3 ⊂ P7. Then the general theory of dual varieties tells us that M∨ ⊂ P6∨
is isomorphic to a linear projection of (P1 × P3)∨ ∼= P3 × P1 ⊂ P7∨ from a general
point P . There exists a three dimensional linear space V ⊂ P7∨ containing P , and
meeting P1×P3 along a smooth quadric P(E(12)) ⊂ V , such that a line through P
is secant if and only if it is contained in V . We conclude thatM∨ is a 4-dimensional
variety, whose normalization is P3 × P1, and in particular the dual defect of M is
1. The singular locus of M∨ may be described as the image of P(E(12)) by the
projection and so it is a plane Π. Note also that, denoting by C ⊂ Π the branch
locus of the projection P(E(12)) → Π, M∨ is a scroll in P3’s, meeting Π along a
tangent line to C.
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Proof of Proposition 5.14. Our line of argumentation here is based on the
proof of [23, Proposition 1.4]. Let x ∈ X be a general point and f : P1 → X be
the normalization of a general Γ, satisfying f(O) = x, O ∈ P1. By Proposition
2.15, the tangent map τx :Mx → Cx ⊂ P(ΩX,x) is immersive and we may use it to
identify the tangent space of Cx at P := τx(Γ).
In order to see this, we denote by β : X ′ → X the blow-up of X at x, with
exceptional divisor E := P(ΩX,x). Note that we have a filtration TX,x ⊃ V1(f) ⊃
V2(f), where V1(f) and V2(f) correspond, respectively, to the fibers over O of the
(unique) subbundles of f∗TX isomorphic to E(2, 1
c) and E(2). Moreover TE,P is
naturally isomorphic to the quotient of TX,x by V2(f), hence our statement may be
re-written as TCx,P = V1(f)/V2(f).
Let us then consider the irreducible component of Hom(P1, X ;O, x) (parame-
trizing morphisms from P1 to X , sending O to x) containing [f ] and note that the
evaluation morphism factors
P1 ×Hom(P1, X ;O, x)
ev′
//
ev
**X ′
β
// X
In this setting, we have TCx,P = dev
′
(O,[f ])
({0}×H0(P1, f∗TX(−1))/V2(f), and we
may identify H0(P1, f∗TX(−1)) with the global sections of f∗TX vanishing at O.
Choosing now a set of local coordinates (t, t2, . . . , tm) of X around x such that
f(P1) is given by t2 = . . . , tm = 0 and t is a local parameter of f(P
1), and writing
the blow-up of X at x in terms of these coordinates, one may check that, modulo
V2(f), dev
′
(O,[f ]) sends every section s vanishing at O to
s
t (O) =
ds
dt (O), hence it
follows that its image is V1(f).
The next statements relates the dual defect of the VMRT of the familyM with
its generic splitting type.
Proposition 5.17. With the same notation as above, being x ∈ X general, let
Γ be a minimal section of X over a general element of Mx. Then the dual defect
of Cx equals the defect of M at Γ.
Proof. We have to check that the image of q : U → X has dimension 2m−2−e.
Equivalently, denoting by f : P1 → X the normalization of Γ, we may consider the
image of the evaluation Hom(P1,X )[f ] × P 1 → X , where Hom(P1,X )[f ] stands for
the irreducible component of Hom(P1,X ) containing [f ], and compute the rank of
its differential at ([f ], x). Using the description of this differential provided in [36,
II, Proposition 3.4], the result follows then by noting that e equals the dimension
of the kernel of the evaluation of global sections H0(P1, f
∗
(TX )) ⊗OP1 → f∗(TX ).
The above interpretation of projective duality for VMRT’s of Fano manifolds
has a number of important consequences, particularly in the case of CP-manifolds.
Let us illustrate this here by presenting a straightforward application to Conjecture
1.2; a more complete result in this direction can be found in [52]. A well known
corollary of Zak’s Theorem on Tangencies states that for any non linear smooth
variety M ⊂ Pr it holds that dim(M∨) ≥ dim(M). Moreover, if we further as-
sume that dim(M) ≤ 2r/3, the list of all the smooth projective varieties for which
dim(M∨) = dim(M) has been given by Ein, [16, Theorem 4.5]. Applying this to
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the case of the VMRT of a family of minimal rational curves we get the following
result:
Proposition 5.18. Let X be a CP-manifold of Picard number one different
from the projective space, and M be a family of minimal rational curves in X.
Assume that Cx ⊂ P(T∨X,x) is smooth of dimension c for general x (this holds, for
instance, under the assumptions of Remark 2.16). Then c ≤ m − 2 − e, where
e denotes the dual defect of Cx, and moreover if c ≤ 2(m − 1)/3 then equality
c = m− 2− e holds if and only if X = G/P , where G is semisimple Lie group with
Dynkin diagram D, P is the parabolic subgroup associated to the i-th node of the
diagram (the nodes of D are numbered as in (2)), and the pair (D, i) is one of the
following:
(Ak+1, 2), k ≥ 2, (B2, 1), (D5, 5), (E6, 1).
Proof. Let us first observe, see [24, Proposition 5], that if the VMRT Cx ⊂
P(T∨X,x) is linear then Cx = P(T∨X,x) and X is a projective space by Theorem 4.1.
Since this case is excluded, Zak’s Theorem on Tangencies applies to give the in-
equality c ≤ m− 2− e.
Let us now assume c ≤ 2(m−1)/3 and c = m−2−e. By using [16, Theorem 4.5]
we get that Cx ⊂ P(T∨X,x) is either:
• a hypersurface on P2 or P3,
• the Segre embedding of P1 × Pc−1 ⊂ P2c−1,
• the Plu¨cker embedding of G(1, 4) (c = 6),
• the Spinor variety S4 ⊂ P15 (c = 10).
In the first case Theorem 4.1 tells us that X is a quadric of dimension 3 or 4. In
the other cases, since the listed varieties are projectively equivalent to the VMRT’s
of the homogeneous manifolds in the statement, we may conclude by Theorem 2.21.
We will finish this section by presenting an example in which the exceptional
locus of ε does not consists only of minimal sections over minimal rational curves
of X .
Example 5.19. Let X = LG(1, 5) be the Lagrangian Grassmannian of lines in
P5, which parametrizes lines in P5 that are isotropic with respect to a nondegenerate
skew-symmetric 6 × 6 matrix A. It is known that the contraction of X in this
case may be described in representation theoretical language as we have already
remarked in Example 5.1. The evaluation of global sections of TX provides a
morphism ε′ : X → P(sp6) ∼= P20 whose image is the closure O of a nilpotent
orbit.
In our case the orbit O is even ([13, Sect. 3.8]), which in turn implies that
the morphism ε′ is birational, and in particular it factors via ε : X → Y, whose
image is the normalization of O. It is known that O is a disjoint union of orbits
O∪O1∪O2∪O3, where dim(Oi) = 11, 9, 5 for i = 1, 2, 3, respectively, and Sing(O) =
O1 = O1 ∪ O2 ∪ O3. Then, by Proposition 5.9, the inverse image of O1 contains a
divisor D in X , and so ε : X → Y is an elementary divisorial contraction.
On the other hand, we may consider the locus of the family of minimal sections
of X over lines in X , whose VMRT is isomorphic to the subvariety M ⊂ P6,
described in Example 5.16. Since the dual defect of M is one, it turns out that this
locus D′ has dimension 11, and it is a proper closed subset of D.
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5.7. Contact forms on families of minimal rational curves. The next
lemma shows how to transport the contact form of X to an open set of M.
Lemma 5.20. With the same notation as above, let M0 ⊂ M be the subset
parametrizing minimal sections of X over standard rational curves of M, and set
U 0 := p−1(M0). Then there exists a line bundle L on M such that p∗L = q∗O(1),
and a twisted 1-form θ ∈ H0(M0,ΩM0 ⊗ L) such that p∗θ = q∗θ on U 0.
Proof. The first part follows from the fact that q∗O(1) is trivial on the fibers of
q. For the second, we start by noting that the composition TU 0 → q∗TX θ→ q∗O(1)
is surjective, as one may check by restricting to every fiber of q, by Proposition
5.12. Since the relative tangent bundle of q lies on its kernel, we obtain a surjective
morphism p∗TM0 → q∗O(1) = p∗L. Its push-forward to M0 is the desired 1-form
θ, since one may check that the relative cohomology of the kernel of that morphism
is zero.
The non-integrability of the induced form θ is going to depend on the stratifi-
cation of M0 determined by the defect of sections defined in 5.13:
Corollary 5.21. With the same notation as above, assume that the open
subset M′ ⊂ M0 of curves on which the defect is zero is non-empty. Then θ is a
contact form on M′.
Proof. Let us denote by F and F˜ the kernels of the maps θ : T
M
0 → L
and θ ◦ dq : TU 0 → p∗L, respectively. We want to prove that the morphism
dθ : F → F∨ ⊗ L induced by the Lie bracket is an isomorphism.
The statement is local so, given a point [r] ∈M0, we may consider its inverse
image r = p−1([r]) and (after eventually shrinking M0 to a smaller neighborhood
of [r]) assume that L is trivial. Then, since in U 0 the morphisms p and q are
submersions, the morphisms induced by the Lie bracket of the distributions F , F˜
and F fit, as the vertical maps, in the following commutative diagram:
p∗(F)

F˜dpoo dq //

q∗(F)
dθ

p∗(F)∨ dp
t
// F˜∨ q∗(F)∨dq
t
oo
Note that, being p locally trivial (so that, locally, any vector field v on M0 deter-
mines uniquely a vector bundle v′ on U 0 constant on fibers such that dp(v′) = v,
and this correspondence preserves the Lie bracket) dθ is an isomorphism at [r] if
and only if the corresponding morphism (F˜)|r → (F˜)∨|r has rank dim(M) = 2m−4.
Noting that (F˜)|r ∼= E(2, 02m−4), the statement follows from the usual description
of dp in terms of the evaluation of global sections of (TX )|r.
5.8. The 1-ample case. One of the morals of Example 5.19, or more gen-
erally of the examples provided by the study of nilpotent orbits and their crepant
resolutions, is that the exceptional locus of ε may be quite involved. The simplest
notion that measures the intricacy of this locus is k-ampleness: we say that TX is
k-ample if the dimension of every component of a fiber of ε is at most k-dimensional.
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The goal of this section is to show how the techniques described above may help us
to prove Conjecture 1.2 in the simplest nontrivial case, that is k = 1. We refer the
reader to [58] for details.
Theorem 5.22. Let X be a CP-manifold such that TX is big and 1-ample.
Then X is rational homogeneous.
More concretely, looking at the list of rational homogenous spaces one sees that,
beside the projective space (that will not appear in our discussion since we or initial
assumptions imply that TX is not ample), the tangent bundle is only 1-ample for
the smooth quadric of dimension ≥ 3, and for the complete flag manifolds of type
A1 ×A1 and A2.
We start by observing that, since k-ampleness decreases with contractions, the
case in which the Picard number n of X is bigger than one essentially reduces,
via Mori’s proof of Hartshorne’s Conjecture, to the study of P1-fibrations over a
projective space.
Lemma 5.23. Let X be a CP-manifold and assume that TX is big and k-ample,
and let π : X → X ′ be a Mori contraction. Then TX′ is (k−dimX+dimX ′)-ample.
Proof. By Theorem 3.3 the morphism π is smooth, so the morphism dπ :
TX → π∗TX′ provides an inclusion of the fiber product P(π∗TX′) = P(TX′)×X′ X
into X = P(TX). Hence the Stein factorization of the restriction ε|P(π∗TX′ ) factors
through the corresponding contraction ε′ : P(TX′)→ Y ′.
X ′ P(TX′)
φ′
oo ε
′
// Y ′

X
π
::✈✈✈✈✈✈✈✈✈✈
P(π∗TX′)
  //
φ
oo
99rrrrrrrrrr
X ε // Y
Since the natural map from P(π∗TX′) to P(TX′) has fibers of dimension dimX −
dimX ′, denoting by k and k′ the maximal dimensions of components of fibers of ε
and ε′, respectively, it follows that k ≥ k′ + dimX − dimX ′.
Corollary 5.24. Let X be a CP-manifold of Picard number n > 1 such that
TX is big and 1-ample. Then X is isomorphic to G/B for G of type A1 × A1 or
A2.
Proof. As a consequence of Lemma 5.23, any Mori contraction π : X → X ′
must have one-dimensional fibers and its image must have ample tangent bundle.
Therefore, in our situation, X has at least two P1-fibrations over PdimX−1. We
may then finish in several ways, for instance by applying Theorem 4.7.
The next result shows that the assumption implies that the exceptional locus
of ε is q(U):
Lemma 5.25. Let X be a CP-manifold of Picard number one, with TX big,
1-ample, and not ample. Let f : P1 → X be a general minimal section of X over
a general minimal rational curve f : P1 → X. Then f∗TX ∼= E(−2, 02m−3, 2) and
the exceptional locus of ε is equal to D := q(U).
Proof. The 1-ampleness hypothesis implies that the differential of the evalua-
tion map from U to X is generically injective. Hence, in the notation of Proposition
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5.12 we must have defect e = 0 for the general f , which concludes the first part of
the statement. In particular, this implies that D = q(U) is an irreducible divisor;
since the hypotheses also imply that ε is elementary, it follows that the inclusion
D ⊆ Exc(ε) is an equality.
Another important consequence of 1-ampleness is that it allows us to control
the splitting type of TX on every curve of family M. The next argument has been
taken from [64].
Proposition 5.26. Let X be a CP-manifold of Picard number one, with TX
big, 1-ample, and not ample. Being f : P1 → X be the normalization of any curve
Γ of M, we have:
(11) f
∗
TX ∼= E
(− 2, 2, (−1)e, 1e, 02m−2e−3), for some e ≥ 0.
In particular, the variety M is smooth.
Proof. We will prove the isomorphism (11), from which the smoothness ofM
at [f ] follows as in Proposition 5.12.
Let J be the ideal sheaf of the curve Γ in X . By Proposition 5.10, the curve
Γ is smooth. Moreover, since Riε∗OX = 0 for i > 0, pushing forward the short
sequence
0→ J 2 −→ OX −→ OX /J 2 → 0,
we obtain an isomorphism H1(Γ,OX /J 2) = R1ε∗OX /J 2 ⊗ OP ∼= R2ε∗J 2 ⊗ OP
(where P = ε(Γ)), and the latter is zero because the fibers of ε are at most one-
dimensional. Then, considering now the exact sequence
0→ N∨
Γ/X
−→ OX /J 2 −→ OΓ → 0,
we obtain H1(Γ,N∨
Γ/X
) = 0. Equivalently, the splitting type of the normal bundle
NΓ/X does not contain any integer bigger than 1 and, considering the commutative
diagram:
(12) TΓ
// // f
∗F // //


f
∗F/TΓ


TΓ
// // f
∗
TX // //

NΓ/X

OΓ OΓ
the same property holds for the bundle f
∗F/TΓ and, in particular, f
∗F ∼= TΓ ⊕
f
∗F/TΓ. Combining this with the contact isomorphism f
∗F ∼= f∗F∨, we easily
see that f
∗F ∼= E(−2, 2, (−1)e, 1e, 02m−2e−4), for some e. We finish the proof by
arguing as in the last part of the proof of Proposition 5.12.
Corollary 5.27. With the same notation as in Proposition 5.26, for every
component Γ of a fiber of ε, its defect e is equal to zero. In particular the twisted
1-form θ defined in Lemma 5.20 is a contact form on M.
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Proof. Note first that beingM smooth by 5.26, the universal family U →M
is also smooth, and then the standard interpretation of the differential of q in terms
of the evaluation of global sections tells us that the dimension of the kernel of dq
at a point P ∈ U equals the defect e of the corresponding curve p(P ), which is zero
for general p(P ).
Therefore, denoting by Σ ⊂ M the set of elements in which e > 0, its inverse
image UΣ := p−1(Σ) is the ramification locus of q. In particular Σ ⊂M is a divisor
and, being q finite (by the 1-ampleness hypothesis), [20, III.10.6] tells us that e = 1
for the general element [f ] of Σ. Moreover, for this element we have a commutative
diagram with exact rows:
TP1 // // (Tp−1(Σ))|p−1([f ])

// // E(0⊕(2m−4))

TP1 // // (TU )|p−1([f ])
dq

// // E(0⊕(2m−3))
ev

TP1 // // f
∗
TX // // E(1, 0
2m−5,−1,−2)
The composition of the right-hand-side vertical arrows is generically of rank
2m− 4 except at the point P = supp(coker(E(0⊕(2m−4)) → E(1, 02m−5))), where
the rank drops to 2m− 5. Since the map ε contracts f(P1) it follows that at P the
map d(ε ◦ q) has rank ≤ 2m− 5. Let us define Σ̂ ⊂ UΣ as the locus of points where
rk(d(ε ◦ q)) ≤ 2m − 5. Then Σ̂ dominates Σ via p and, in fact, the map Σ̂ → Σ
is generically one-to-one. Since points in M parametrize components of fibers of ε
it follows that (ε ◦ q)|Σ̂ is generically finite-to-one, so that dim(ε(q(Σ̂))) = 2m− 4
which contradicts [20, III.10.6].
The second part of the statement follows then as in Corollary 5.21.
Once we know thatM is a contact manifold, we study the morphism φ :M→
M in order to determine the splitting type of TX on minimal rational curves.
Lemma 5.28. Let X be a CP-manifold of Picard number one, with TX big,
1-ample and not ample. Then the natural map φ :M→M is an isomorphism and
f∗TX ∼= E(2, 1m−2, 0) for every [f ] ∈ M.
Proof. We already now thatM andM are smooth, by Propositions 2.10 and
5.26, and that the general fiber of φ is a projective space of dimension m− c− 2,
with c := −KX · Γ− 2 for Γ ∈ M.
We claim first that m − c − 2 = 0. In fact, if this were not the case, φ would
be a Mori contraction of the contact manifold M. By Theorem 5.7 it would follow
that M∼= P(TM) and, in particular, dim(M) = m− 1. Together with the nefness
of TX , this implies that f
∗(TX) ∼= E(2, 0m−1) for all [f ] ∈M, so the differential of
q : U → X would everywhere injective. But X is simply connected, hence q would
be an isomophism, contradicting that X has Picard number one.
Then φ is birational so, if it were not an isomorphism, being M is smooth,
it would factor via a Mori contraction, contradicting 5.7. This concludes the first
part of the statement. For the second, note that, being φ an isomorphism, the
number of zeroes appearing in the splitting type of f∗TX for any [f ] ∈ M is
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equal to one. Looking at the general element, which is standard, we obtain that
−KX · f(P1) = m for every [f ] ∈ M. Then for any [f ], the splitting type of f∗TX
contains no negative elements, an integer ≥ 2, and at most one zero: hence the
only possibility is f∗TX ∼= E(2, 1m−2, 0).
At this point there are several ways to finish the proof of Theorem 5.22 (Cf.
Theorem 4.1 and [12]). We will sketch here the proof presented in [58], and refer
to the original paper for details.
Proposition 5.29. Let X be a CP-manifold of Picard number one, and assume
that TX is big, 1-ample and not ample. Then X is a smooth quadric hypersurface.
Proof. Note that Pic(X ) ∼= φ∗ Pic(X) ⊕ ZO(1). Let D = q(U) be the ex-
ceptional divisor of ε (see 5.25), L be a divisor associated to the tautological line
bundle O(1) on X = P(TX), and write D = aL − φ∗B, for some divisor B on X .
Note that, at every point x ∈ X , the set Dx = φ−1(x) ∩ D is the dual variety of
the VMRT Cx (see 5.14). Since Cx is a hypersurface, then its dual Ex cannot be a
hyperplane in P(TX,x) (otherwise Cx would be a point), and we may write a > 1.
By Proposition 5.10, every positive dimensional fiber of ε is either P1 or a
union of two P1’s meeting at a point. In the second case, the intersection of each
component Γ with the exceptional divisor D is −1. Hence, since L ·Γ = 0, we have
B · Γ = 1. It follows that B is the ample generator of Pic(X) and −KX = mB,
so that X is necessarily a smooth quadric by the Kobayashi-Ochiai Theorem ([36,
V.1.11]).
If every positive dimensional fiber of ε is irreducible, then q : U → D is a
bijective immersion, hence an isomorphism. Since moreover the family U → M
is isomorphic to U → M, by Lemma 5.28, it allows to identify the restriction
φ|D : D → X with the evaluation morphism q : U → X .
In particular, φ|D is smooth by Proposition 2.10, and we have an exact sequence
0→ OD(−D) −→ (ΩX/X)|D −→ TD/X → 0.
In particular we might have cm−1(ΩX/X ⊗ OD(D)) = 0. The computation of this
Chern class (see [58, Lemma 3.5]) tells us that D must be numerically equivalent
to the Q-divisor aL+ amφ
∗KX . Since D · Γ = −2 and Γ ·KX = −m, we must have
a = 2, so that D defines a nowhere degenerate symmetric form in H0(X,S2TX ⊗
O( 2mKX)). We may now conclude that X is a quadric, either by [66, Theorem 2],
or by [67], or by noting that in this case the VMRT Cx is necessarily a smooth
quadric for every x, hence the result follows from Theorem 2.21.
6. Flag type manifolds
In [59] the following strategy has been proposed to attack Conjecture 1.2:
(A) Prove Conjecture 1.2 for CP-manifolds of “maximal” Picard number.
(B) Prove that any CP-manifold is dominated by one of such manifolds.
Conjecture 1.2 will then follow from [40, Main Theorem], which asserts that a
manifold dominated by a rational homogeneous manifold is itself rational homoge-
neous.
In order to give a reasonable notion of maximality let us recall that, given
a semisimple Lie group G and a parabolic subgroup P , taking B to be a Borel
subgroup containing P we have a contraction f : G/B → G/P , so the complete flag
manifold G/B dominates every G-homogeneous variety.
A SURVEY ON THE CAMPANA-PETERNELL CONJECTURE 35
Complete flag manifolds associated with semisimple Lie groups can be recog-
nized, among homogeneous manifolds, by the structure of their Mori contractions:
all their elementary contractions are P1-bundles. This suggests the following defi-
nition, in which the assumption on the elementary contractions has been replaced
by the milder one that such morphisms are smooth P1-fibrations.
Definition 6.1. A Flag type manifold (FT-manifold for short) is a CP-manifold
whose elementary contractions are smooth P1-fibrations.
The choice of FT-manifolds as candidates for “maximal” CP-manifolds, is also
sustained by the following result (cf. [50, Proposition 5]):
Proposition 6.2. Let M be a CP-manifold admitting a contraction f : M →
X onto an FT-manifold X. Then there exists a smooth variety Y such that M ∼=
X × Y .
Furthermore, we introduce the width of a CP-manifold X as a measure of how
far X is from being an FT-manifold.
Definition 6.3. Given a CP-manifoldX of Picard number n, with the notation
introduced in 3.8, we define its width as the non negative integer
τ(X) :=
n∑
i=1
(−KX · Γi − 2).
Remark 6.4. A CP-manifold X is an FT-manifold if and only if τ(X) = 0.
Proof. Assume that τ(X) = 0, and let πi : X → Xi be an elementary con-
traction, associated with an extremal ray Ri, generated by the class of a minimal
rational curve Γi. Let pi : Ui →Mi be the family of deformations of Γi, with evalu-
ation morphism qi. By Proposition 2.10 (5) the map qi : Ui → X is an isomorphism,
so πi is a P
1-fibration.
Part (A) of the strategy presented above has been recently completed in [53],
where the following more general result has been proved:
Theorem 6.5. Let X be a Fano manifold whose elementary contractions are
smooth P1-fibrations. Then X is isomorphic to a complete flag manifold G/B,
where G is a semisimple algebraic group and B is a Borel subgroup.
Then Conjecture 1.2 will follow if one can prove the following property, that
holds trivially for rational homogeneous manifolds (see Section 2.2):
Conjecture 6.6. Let X be a CP-manifold which is not a product of positive-
dimensional varieties. If τ(X) > 0, then there exists a surjective morphism f :
X ′ → X from a CP-manifold X ′, which is not a product of positive-dimensional
varieties, such that τ(X ′) < τ(X).
In this section, following [50] and [53] we will describe the main ideas involved
in the proof of Theorem 6.5. Let us first of all, fix the notation.
Notation 6.7. Along the rest of the section we will use the notation intro-
duced in 3.8, noting that, in the case of FT-manifolds, the families pi : Ui → Mi
coincide with the P1-fibrations πi : X → Xi. Moreover, given any subset I ⊂ D :=
{1, . . . , n}, the rays Ri, i ∈ I, span an extremal face (Cf. Proposition 3.2) that we
will denote by RI . We will denote by πI : X → XI the corresponding extremal
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contraction, by TI the relative tangent bundle, and by KI := − detTI the relative
canonical divisor. Alternatively, we will denote by πI : X → XI the contraction of
the face RI spanned by the rays Ri such that i ∈ D \ I. For I ⊂ J ⊂ D we will
denote the contraction of the extremal face πI∗(RJ ) ⊂ N1(XI) by πI,J : XI → XJ
or by πD\I,D\J : XD\I → XD\J .
6.1. Bott-Samelson varieties. We will now introduce some auxiliary man-
ifolds, which we call Bott-Samelson varieties, by analogy with the Bott-Samelson
manifolds that appear classically in the study of Schubert cycles of homogeneous
manifolds.
Following [41], when dealing with finite sequences of indices in D = {1, . . . , n}
we will use the following notation:
Notation 6.8. Given a sequence ℓ = (l1, . . . , lr), li ∈ D, we set, for any
0 ≤ s ≤ r − 1, ℓ[s] := (l1, . . . , lr−s), and ℓ[r] = ∅. In particular ℓ[s][s′] = ℓ[s+ s′].
With every sequence ℓ = (l1, . . . , lr) of elements of D we will associate a se-
quence of smooth varieties Zℓ[s], s = 0, . . . , r, called the Bott-Samelson varieties of
X associated with ℓ, together with morphisms
fℓ[s] : Zℓ[s] → X, pℓ[s+1] : Zℓ[s] → Zℓ[s+1], σℓ[s+1] : Zℓ[s+1] → Zℓ[s].
They are constructed in the following way: for s = r we set Zℓ[r] := X and
fℓ[r] = id. Then for s < r we define Zℓ[s] recursively by considering the composition
gℓ[s+1] := πlr−s ◦ fℓ[s+1] : Zℓ[s+1] → Xlr−s and taking its fiber product with πlr−s :
Zℓ[s]
fℓ[s]
//
pℓ[s+1]

X
πlr−s

Zℓ[s+1]
σℓ[s+1]
JJ
fℓ[s+1]
;;✇✇✇✇✇✇✇✇✇✇✇✇✇ gℓ[s+1]
// Xlr−s
Note that pℓ[s+1] is a P
1-bundle with a section σℓ[s+1]; more precisely it is the
projectivization of an extension Fℓ[s] of OZℓ[s+1] by f∗ℓ[s+1]Klr−s :
(13) 0 −→ f∗ℓ[s+1]Klr−s −→ Fℓ[s] −→ OZℓ[s+1] −→ 0.
Now let φ : Y → X be a morphism. The above construction may be lifted
to Y via φ, and the resulting varieties Zℓ[s](Y ) = Zℓ[s] ×X Y are called the Bott-
Samelson varieties of X associated with φ : Y → X and ℓ. By abuse of notation,
the projections and sections of these varieties will be denoted also by pℓ[s+1], and
σℓ[s+1], respectively. The construction is obviously functorial, so that, given a
morphism g : Y ′ → Y , φ′ = φ ◦ g, we have a commutative diagram, in which every
square is a fiber product, of the following form:
Zℓ[s](Y ′) //
pℓ[s+1]

Zℓ[s](Y ) //
pℓ[s+1]

Zℓ[s]
fℓ[s]
//
pℓ[s+1]

X
πlr−s

Zℓ[s](Y ′) //
σℓ[s+1]
JJ
Zℓ[s](Y ) //
σℓ[s+1]
JJ
Zℓ[s+1]
σℓ[s+1]
JJ
fℓ[s+1]
;;①①①①①①①①①①①①① gℓ[s+1]
// Xlr−s
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Later on we will consider mostly the case in which Y is a point of X and
φ is the inclusion. For simplicity, in this case, we will denote the corresponding
Bott-Samelson varieties by Zℓ[s] := Zℓ[s]. Especially important will be the case
in which ℓ is maximal reduced sequence, i.e. satisfying that r = m := dimX and
dim fℓ[s](Zℓ[s]) = m− s for every s (since X is rationally chain connected by curves
Γj, it is always possible to find a sequence of this kind).
Let us denote by βi(r−i) the class in N1(Zℓ[r−i]) of the fibers of pℓ[r−i+1] :
Zℓ[r−i] → Zℓ[r−i+1]. We will denote by βi(s) the image of this class into N1(Zℓ[s]),
via push forward with the sections σℓ[r−j], j = i, . . . , r − s − 1. If s = 0 we will
write βi instead of βi(0). Note that, by construction, fℓ[s]∗βi(s) = [Γli ].
Clearly the βi’s, i = 1, . . . , r, form a basis of of N1(Zℓ). Within N
1(Zℓ) we
consider the dual basis of {βi, i = 1, . . . , r}, denoted by
{Hi, i = 1, . . . , r}.
Let us also define for every t ≤ r, the following line bundles on Zℓ:
Nt =
∑
i≤t, li=lt
Hi.
and the classes γi ∈ N1(Zℓ), i = 1, . . . , r, defined by Nt · γi = δti .
The next Proposition summarizes some of the properties of NE(Zℓ), as proved
in [53, Section 3].
Proposition 6.9 ([53, Corollary 3.9, 3.10]). With the same notation as above:
(1) The Mori cone (respectively, the nef cone) of Zℓ is the simplicial cone
generated by the classes γt (resp. Nt), t ≤ r.
(2) Setting J = {i | li = lk for some k > i} then the Stein factorization of
the map fℓ : Zℓ → X is the contraction associated with the extremal face
of NE(Zℓ) generated by {γi | i ∈ J}.
6.2. Cartan matrix of an FT-manifold. It is a well known fact that ev-
ery semisimple Lie algebra g is determined by its Cartan matrix (equivalently, by
its Dynkin diagram, see [22]), and that this matrix can be seen as the intersec-
tion matrix of relative anticanonical divisors and fibers of the P1-fibrations of the
corresponding complete flag manifold G/B. This suggests the following:
Definition 6.10. Let X be an FT-manifold of Picard number n. With the
same notation as above, the Cartan matrix of X is the n×n matrix M(X) defined
by M(X)ij = −Ki · Γj .
We will now sketch the proof of (a reformulation of) the main result of [50]:
Theorem 6.11. The Cartan matrix of an FT-manifold is of finite type, i.e. is
the Cartan matrix of a semisimple Lie algebra.
Let us denote by MI(X) the |I| × |I| principal submatrix of M(X) obtained
from M(X) by subtracting rows and columns corresponding to indices which are
not in I. It is easy to show that the fibers of a contraction of an FT-manifold X
are FT-manifolds, whose Cartan matrices are principal submatrices of M(X):
Proposition 6.12. [50, Proposition 6] Let X be an FT -manifold, I ⊂ D any
nonempty subset, and let πI : X → XI be the contraction of the corresponding face
RI . Then every fiber of πI is an FT-manifold whose Cartan matrix is MI(X).
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In particular, it follows from Theorem 4.7 that any 2 × 2 principal submatrix
is the Cartan matrix of an FT-manifold of Picard number 2. These are, up to
transposition
(14)
M(A1 ×A1) M(A2) M(B2) M(G2)(
2 0
0 2
)
,
(
2 −1
−1 2
)
,
(
2 −1
−2 2
)
,
(
2 −1
−3 2
)
We may then conclude that M(X) is a generalized Cartan matrix in the sense
of [27, 4.0].
We say that the matrix M(X) is decomposable if there exists two nonempty
complementary subsets I, J ⊂ D such that M(X)ij = 0 for all (i, j) ∈ (I × J) ∪
(J × I). In this case, by abuse of notation, we will write M(X) = MI ×MJ . The
next statement allows us to reduce the proof of Theorem 6.11 to the case in which
M(X) is indecomposable:
Proposition 6.13 ([50, Proposition 7]). With the same notation as above, if
M(X) is decomposable as MI ×MJ then X ≃ XI × XJ , where XI and XJ are
FT-manifolds whose Cartan matrices are MI and MJ , respectively.
Proof. One may verify that the hypotheses imply that XI is an FT-manifold.
Then the result follows easily from Proposition 6.2. See [50, Proposition 7] for
details.
Proof of Theorem 6.11. The proof is by induction on the Picard number
n of X . The result is true for n = 2 by Theorem 4.7, hence we may assume that
n ≥ 3 and that the statement holds for FT-manifolds of Picard number ≤ n− 1.
By induction every principal submatrix of M(X) is of finite type, hence, by
[27, Proposition 4.7], M(X) is either of finite or of affine type. In the latter case,
by [27, Corollary 4.3], there exists a linear combination Γ =
∑n
1 miΓi, mi ∈ R>0
for all i, satisfying that Ki · Γ = 0. Since M(X) has integral coefficients, we may
assume that mi ∈ Q>0 for all i and, clearing denominators, we may also assume
that mi ∈ Z>0 for all i. Finally, since the Γi’s are free curves the cycle
∑n
1 miΓi
is smoothable (cf. [36, II.7.6]), and therefore it is numerically equivalent to an
irreducible rational curve Γ.
Let f : P1 → Γ ⊂ X be the normalization morphism, and p ∈ P1 be any point.
Consider a maximal reduced sequence ℓ = (l1, . . . , lm) of X for the point f(p), and
the corresponding Bott-Samelson varieties Zℓ[s] associated to ℓ and f(p). At the
same time, consider the associated Bott-Samelson varieties Z ′ℓ[s] := Zℓ[s](P1). We
will denote by f ′ℓ[s] : Z
′
ℓ[s] → X their evaluations.
We will derive a contradiction by showing that πlm−1 ◦ f ′ℓ[1] : Z ′ℓ[1] → Xlm−1
cannot be of fiber type. In a nutshell, it is the finiteness of the dimension of X
which implies that M(X) is of finite type.
We claim first that, for any s = 0, . . . ,m we have Z ′ℓ[s] = P
1×Zℓ[s]. The variety
Z ′ℓ[s] is the projectivization of a rank two bundle E on Z ′ℓ[s+1] – which, by induction,
is isomorphic to P1 × Zℓ[s+1] – appearing as an extension
(15) 0→ O(f ′∗ℓ[s+1]Km−s) −→ F ′ℓ[s] −→ OZ′ℓ[s] → 0.
Since, by the construction of the curve Γ, f ′
∗
ℓ[s+1]Km−s has intersection zero with
the fibers of the projection p2 : P
1 ×Zℓ[s+1] → Zℓ[s+1], then F ′ℓ[s] is trivial on these
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fibers. Hence the sequence (15) is the pullback via p2 of
(16) 0→ O(f∗ℓ[s+1]Km−s) −→ Fℓ[s] −→ OZℓ[s] → 0
and the claim follows.
The functoriality of the construction implies that f ′ℓ[s] ◦ jℓ[s] = fℓ[s], where
jℓ[s] : Zℓ[s] → P1 × Zℓ[s] is the inclusion defined by z → (p, z).
Denote by p1 and p2 the projections of P
1×Zℓ[1] onto the factors. By assump-
tion πlm−1 ◦f ′ℓ[1] does not contract fibers of p2, since their image in X is numerically
equivalent to Γ, and it is generically finite when restricted to fibers of p1, by the
choice of ℓ. This implies that πlm−1 ◦ f ′ℓ[s] is generically finite (see [50, Lemma 7]
for details), contradicting the fact that dimZ ′ℓ[1] = dimXlm−1 + 1.
6.3. Relative duality and reflection groups. We will now present a gen-
eralization of the previous result, taken from [53], in which it is shown that The-
orem 6.11 holds for Fano manifolds whose elementary contractions are smooth
P1-fibrations; in other words, it avoids the assumption of the nefness of the tangent
bundle of X . The proof of this result is based on constructing a finite group of
reflections of N1(X) out of the P1-fibrations of X , and using it to produce a root
system, which, for rational homogeneous manifolds, is the root system of the cor-
responding Lie algebra. As a by-product, this construction provides a good deal of
information about cohomology of line bundles on X , analogous to the one provided
by the Borel-Weyl-Bott Theorem for semisimple Lie algebras.
The key ingredient for the construction is the following relative duality for
smooth P1-fibrations:
Lemma 6.14. [53, Lemma 2.3] Let π : M → Y be a smooth P1-fibration over
a smooth manifold Y , denote by Γ one of its fibers and by K its relative canonical
divisor. Then for every Cartier divisor D on M , setting l := D · Γ and sgn(α) :=
α/|α| for α 6= 0, sgn(0) := 1, one has
Hi(M,OM (D)) ∼= Hi+sgn(l+1)(M,OM (D + (l + 1)K)), for every i ∈ Z.
For every elementary contraction πi : X → X we will consider the linear map
ri : N
1(X)→ N1(X) given by
ri(D) = D + (D · Γi)Ki,
which is a reflection, i.e. it is an involution that fixes the hyperlane
Γ⊥i := {D |D · Γi = 0} ⊂ N1(X).
The counterpart of Theorem 6.11 in this approach is the following:
Theorem 6.15. The group W ⊂ GL(N1(X)) generated by the reflections
{ri|i = 1, . . . , n} is a finite group.
Proof. Consider the dual action of W on the vector space N1(X) = N
1(X)∨,
defined by:
(17) w∨(C) ·D = C · w(D), for all D ∈ N1(X), C ∈ N1(X), w ∈W.
This action is clearly faithful, i.e. the morphism W → GL(N1(X)) defined by
w 7→ w∨ is injective. Moreover the matrix of every element r∨i ∈ GL(N1(X))
with respect to the basis {Γ1, . . . ,Γn} has integral coefficients and determinant ±1,
hence the same properties hold for the matrices of any w∨ ∈ GL(N1(X)).
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Consider now the function χX : Pic(X)→ Z which assigns to a line bundle its
Euler characteristic. By a theorem of Snapper, cf. [35, Section 1, Theorem], given
L1, . . . , Lt ∈ Pic(X) then χX(m1, . . . ,mt) := χ(X,m1L1+· · ·+mtLt) is a numerical
polynomial in m1, . . . ,mt of degree ≤ dimX . Via the identification of Pic(X) with
N1(X)Z we can thus extend χX to a polynomial function χX : N
1(X)→ R.
Now, the existence of P1-fibrations imposes severe restrictions to the function
χX , via Lemma 6.14. In fact, denoting by T the translation by KX/2 in N
1(X),
that is T (D) := D +KX/2, and setting χ
T := χX ◦ T , we may write
χT (D) = −χT (ri(D)) for any ri and any D ∈ Pic(X).
Hence for any w ∈W and D ∈ Pic(X) we have
χT (D) = −χT ((w ◦ ri ◦ w−1)(D)).
In particular χT vanishes on any hyperplane of the form w(Γ⊥i ); this is the
hyperplane fixed by w ◦ ri ◦w−1 ∈W . Denoting by Z ⊂ P(N1(X)) the set of these
hyperplanes, it follows that its cardinality is smaller than or equal to the degree of
χT , i.e. the dimension of X , hence it is finite.
Therefore, to show that W is finite, it is enough to consider the induced action
ofW on Zn, and show that the isotropy subgroupW 0 ⊂W of elements ofW fixing
the point ([Γ1], . . . , [Γn]) is finite. If w ∈ W 0, then the matrix of w∨ with respect
to the basis {Γ1, . . . ,Γn} is diagonal, hence all its diagonal coefficients are equal to
±1. In particular the image of W 0 in GL(N1(X)) is finite and, since the action of
W on N1(X) is faithful, W
0 is finite as well.
It is then straightforward to show the following (see [5, VI, §1, Definition 1]):
Corollary 6.16. With the same notation as above, there exists a scalar prod-
uct 〈 , 〉 in N1(X) which is W -invariant such that
−Ki · C = 2 〈Γi, C〉〈Γi,Γi〉 , for all i = 1, . . . , n.
In particular {−Ki, i = 1, . . . , n} is a basis of N1(X) as a vector space over R and,
in the Euclidean space (N1(X), 〈 , 〉), the finite set
Φ := {w(−Ki) |w ∈W, i = 1, . . . , n} ⊂ N1(X),
is a root system whose Weyl group is W .
This fact imposes strong restrictions (Cf. [53, Lemma 2.14]) on the possible
entries of the Cartan matrixM(X), which, together with the fact that −Ki ·Γj ≤ 0
if i 6= j, implies that the 2× 2 principal minors of M(X) are the ones appearing in
(14). Being {−Ki, i = 1, . . . , n} a basis of N1(X), we finally obtain the following:
Corollary 6.17. The Cartan matrix of a Fano manifold X whose elementary
contractions are smooth P1-fibrations is of finite type.
We refer the reader to [53, Sect. 2] for details.
6.4. Dynkin diagrams and homogeneous models. Let X be an FT-
manifold or, more generally, a Fano manifold whose elementary contractions are
smooth P1-fibrations. The results on the Cartan matrixM(X) seen in the previous
sections allow us to associate with X a finite Dynkin diagram D(X):
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Definition 6.18. The Dynkin diagram D(X) of X is the graph having n :=
ρ(X) nodes, such that the nodes in the i-th and j-th position are joined by (−Ki ·
Γj)(−Kj · Γi) – which is equal to = 0, 1, 2 or 3 – edges. When two nodes are
joined by multiple edges we write an arrow on them pointing to the node j if
−Ki·Γj < −Kj ·Γi. The set of nodes of D(X) will be identified with D = {1, . . . , n}.
In particular, we may associate with X a semisimple Lie group G, and its
semisimple Lie algebra g, determined by the Dynkin diagram D.
Definition 6.19. Let G be the Lie group determined by D, and let B be a
Borel subgroup. The complete flag manifold G/B is a rational homogeneous space,
which we will call the rational homogeneous model of X . We will use for G/B a
similar notation as for X , adding an overline to distinguish the two cases (so we
will use πi,Γi,−Ki, . . . ).
We will also consider the isomorphism of vector spaces
ψ : N1(X)→ N1(G/B), defined by ψ(−Ki) = −Ki.
This isomorphism sends −KX to −KG/B. In fact, since the Cartan matrix M(X)
is of finite type, it is nonsingular (cf. [27, Theorem 4.3]), so the coefficients of
−KX with respect to the basis {−K1, . . . ,−Kn} are determined by the intersection
numbers −KX · Γi = 2.
An important consequence of our previous construction of the Weyl group W
upon P1-fibrations is that, via a careful study of its action on the cohomology of
divisors (see [53, Sect. 2.4]), it provides the following:
Proposition 6.20. [53, Corollary 2.25] Let X be a Fano manifold whose ele-
mentary contractions are smooth P1-fibrations. With the same notation as above,
for every line bundle L belonging to the subgroup of Pic(X) generated by K1, . . . ,Kn
hi(X,L) = hi(G/B,ψ(L)) i ∈ Z.
In particular the dimension of X equals the dimension of its homogeneous model.
Note that with any sequence ℓ = (l1, . . . , lr) of elements of D one can associate
the element of the Weyl group W defined as w(ℓ) := rl1 ◦ rl2 ◦ · · · ◦ rlr . We say that
ℓ is reduced if w(ℓ) ∈ W cannot be written as a composition of a smaller number
of reflections ri, and in this case the cardinal |ℓ| is called the length of w(ℓ). It is
known that for every Weyl group W there is a unique element of maximal length,
named the longest element of W . One may prove that the evaluation morphism
fℓ is generically finite if and only if it ℓ is reduced, and that for reduced ℓ, fℓ is
surjective if and only if w(ℓ) is the longest element of W (see [53, Section 3] for
details). Furthermore, Proposition 6.20 implies the following:
Proposition 6.21. Let X be a Fano manifold whose elementary contractions
are smooth P1-fibrations. If ℓ = (l1, . . . , lm) is a sequence such that w(ℓ) is a reduced
expression of the longest element in W then the morphism fℓ : Zℓ → X is surjective
and birational.
Proof. Let L be an ample line bundle on X and L = ψ(L) be the cor-
responding ample line bundle on G/B. The result is well-known for complete
flag manifolds G/B, and it is equivalent to say that the restriction morphism
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H0(G/B, tL) → H0(Zℓ, tf∗ℓL) is an isomorphism for t >> 0. By Proposition
6.20, the result follows by showing that
H0(Zℓ, tf
∗
ℓL)
∼= H0(Zℓ, tf∗ℓ L).
We note that one may prove that the Euler characteristic of any line bundle
f∗ℓ L on Zℓ is determined by ℓ and by the degree of L with respect to the curves Γi,
hence it is the same for X and for X. Then an application of Kawamata-Viehweg
Vanishing Theorem tells us that, being L nef, Hi(Zℓ, tf
∗
ℓ L) = 0 for i > 0, and the
claimed equality holds.
In particular, Proposition 6.13 holds also in this more general setting, allowing
us to reduce Theorem 6.5 to the case in which D is connected:
Corollary 6.22 ([53, Corollary 3.20]). Let X be a Fano manifold whose ele-
mentary contractions are smooth P1-fibrations. Assume that D = D1 ⊔ D2. Then
X ≃ X1×X2, where X1 and X2 are Fano manifolds whose elementary contractions
are smooth P1-fibrations and whose Dynkin diagrams are D1 and D2, respectively.
Proof. In this situation, taking two sequences ℓ1 and ℓ2 giving reduced ex-
pressions of the longest words of the Weyl groups of D1 and D2, we get a sequence
ℓ1ℓ2 that gives a reduced expression of the longest word of W . Moreover, the dis-
connectedness of D implies that Zℓ1ℓ2 ∼= Zℓ1 × Zℓ2 . One may then check that the
extremal face determining the birational morphism fℓ1ℓ2 is the convex hull of two
extremal faces determining contractions of Zℓ1 and Zℓ2 . It follows that X is the
product of the images of these two contractions.
6.5. Homogeneity of Flag type manifolds. In this section we will briefly
discuss how to prove Theorem 6.5, by showing that a Fano manifold X whose
elementary contractions are smooth P1-fibrations is isomorphic to its homogeneous
model.
Remark 6.23. If we further assume that X is an FT-manifold, we may use the
smoothness of its Mori contractions πI : X → XI (Section 3) to design a recursive
procedure to obtain the homogeneity of X :
1. Find an increasing sequence I1 ⊂ I2 ⊂ · · · ⊂ D, in which |Ik+1| = |Ik|+1,
and such that XIk+1 is a complete family of lines in XIk .
2. (Base case) Prove that XI1 ≃ XI1 .
3. (Recursion) Show that XIk ≃ XIk implies XIk+1 ≃ XIk+1 .
It is easy to construct a sequence as in Step 1 for every connected Dynkin diagram
D. For instance, in the case of F4, numbering the nodes as in (2), one may show
that the sequence:
I1 = {1} ⊂ I2 = {1, 2} ⊂ I3 = {1, 2, 3} ⊂ I2 = {1, 2, 3, 4}
satisfies the requirements of Step 1. Moreover, it has been shown in [50] that Step
3 works if we further assume that FT-manifolds whose Dynkin diagrams are proper
subdiagrams of D are homogeneous. Thus, in principle one could use this strategy
to prove Theorem 6.5 for FT-manifolds by induction on the number of nodes of
D, choosing appropriately the sequence Ik at every step so that it assures suitable
initial isomorphism XI1 ≃ XI1 .
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This method has been used in [50] to prove that the result is true for FT-
manifolds with Dynkin diagram An, by reducing the problem to a base case of the
form X1,n ∼= P(TPn).
In [53] a different approach has been considered, in order to avoid many case
by case arguments needed to achieve the isomorphisms XI1 ≃ XI1 . The idea is to
use an appropriate sequence of Bott-Samelson varieties to compare X and X :
Proposition 6.24. Let X be a Fano manifold whose elementary contractions
are smooth P1-fibrations. Assume that its Dynkin diagram D is connected, different
from F4 and G2. Then there exists a reduced sequence ℓ = (l1, . . . , lm) associated
to the longest element of W such that
(18) Zℓ[s] ≃ Zℓ[s] for every s = 0, . . . ,m− 1.
Corollary 6.25. In the setup of Proposition 6.24, the variety X is rational
homogeneous.
Proof. Since fℓ and f ℓ are birational by Proposition 6.21, it is enough to
compare the extremal faces defining them, which are the same by Proposition 6.9
(2).
The arguments leading to 6.24 are rather technical. We refer the reader to [53]
for details, and include here a few words about the ideas behind them:
Idea of the proof of Proposition 6.24. We show that the recursive con-
struction of the Bott-Samelson varieties, for a suitable choice of the sequence ℓ,
is the same for X and for its homogeneous model. It is then enough to find a
reduced sequence of maximal length m such that, for every s, the cocycle ζℓ[s] ∈
H1(Zℓ[s+1], f
∗
ℓ[s+1]Klm−s) providing the extension (13) is uniquely determined, up
to homotheties.
By looking at the restriction of the sequence (13) to curves βi(s+1) one sees that
the extension cannot be trivial if the index lr−s already appeared in the sequence,
i.e. if J := {i < r−s| li = lm−s} is not empty. Therefore, to prove the isomorphisms
in (18) one has to show that, for any s = 0, . . . ,m− 1
(19) h1(Zℓ[s+1], f
∗
ℓ[s+1]Klm−s) =
{
0 J = ∅
1 J 6= ∅
Sequences ℓ = (l1, . . . , lm) satisfying that w(ℓ) = rl1◦· · ·◦rlm is a reduced expression
of the longest element of W , and such that equalities in (19) hold, have been
described in [53, Section 4] for D 6= G2,F4. If D has no multiple edges, one may
check that any reduced sequence of maximal length satisfies the required property.
This is not the case when D is of type B or C, but we may still choose carefully the
sequence ℓ so that the whole process works.
Remark 6.26. As for the special cases, the result for D = G2 follows from
Theorem 4.7, while case F4 is much more involved: using the software system Sage
it has been checked that for none of the 2144892 possible sequences providing a
reduced expression of the longest element of W , the equalities (19) hold for any
s = 0, . . . ,m− 1 = 23.
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Let us finally discuss the remaining case, D = F4. The proof presented in [53]
for this case is based on the reconstruction argument by families of lines explained
in Remark 6.23.
Proposition 6.27. Let X be a Fano manifold whose elementary contractions
are smooth P1-fibrations, and assume that its Dynkin diagram is F4. Then X is
rational homogeneous.
Sketch of the proof. First of all, in order to use the recursive procedure
of Remark 6.23, we need to prove that the contractions πI : X → XI are smooth.
To do this, we prove first that the fibers of these contractions are birational images
of Bott-Samelson varieties, and these images may be proved to be homogeneous
because we know that Theorem 6.5 holds in the case in which the Dynkin diagram
is a proper subdiagram of F4.
Then the recursive procedure described in 6.23 allows to reduce the problem
to showing that the CP-manifold X1 is isomorphic to its homogeneous model X1.
Moreover this may be achieved, via Theorem 2.21, by proving that the VMRT’s at
a general point of both varieties are projectively isomorphic.
For the rational homogeneous model, this is the Plu¨cker embedding of the La-
grangian Grassmannian of 3-dimensional subspaces in C6 which are isotropic with
respect to a fixed symplectic form, i.e. the rational homogeneous space correspond-
ing to the Dynkin diagram C3 marked on the third node. For our manifold X we
may consider the family of lines passing through one point, which is the image via
π1 of a Bott-Samelson variety Zℓ. We may then prove that Zℓ is isomorphic to
the corresponding Bott-Samelson variety of X , and hence the proof boils down to
studying the morphism from Zℓ into X
1. We refer to [53, Section 6] for details.
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